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Proofs and technical details, theoretical results, simulation and real data analysis for the
article ” Adaptive Estimation for Weakly Dependent Functional Times Series” (to which we re-
fer to as ‘main manuscript’) are presented in this supplemental material. More precisely, Sec-
tion [A] contains the theoretical developments for local regularity estimation, addressing both
non-differentiable and continuously differentiable sample paths. The corresponding proofs are
provided in Section [Bland Section [C| (for the non-differentiable case), and in Section D] (for the
differentiable case). Sections |E| and [F| are devoted to the technical lemmas and their proofs
related to adaptive estimation. Finally, details of the simulation setups presented in the main
manuscript, additional simulation results and insight on the choice of the tuning parameters
involved in the local regularity estimation are given in Section [G]
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A Estimation of the local regularity parameters

In this section, we study the estimation of the local regularity. For simplicity, we first consider
in Section [A7]] the case where the sample paths of X are almost surely non-differentiable.

The class of processes we consider with continuously differentiable sample paths is defined
in Section [A.2] The local regularity estimation in this class of processes with smooth paths
is considered in Section where a detailed description of the procedure and the justifi-
cation of concentration bounds for these estimators are provided. These estimators satisfy
concentration bounds as in Theorem [A.T] and Theorem [A.2l

A.1 The non-differentiable case: local regularity estimation

Set t € J. Let A < Ap and t1,t9,t3 € J such that t3 —t; = A and to =t = (t1 + t3)/2. The
following proxy values of H; and L? are considered :

log(0(t1,t3)) —log(6(t1,t2))
21log(2) ’
I2 = THA) = 0(t1t5) A2, where  0(u,v) = E[{X(u) - X()}?]

Hy = Hy(A) = (A1)

Lemma states that H, and Zf converge to H; and L? as A — 0. Moreover, we have
L? = L? and Hy = H; if S = 0 in . Our estimators of H; and L? are obtained by
plugging the estimators of 8(-,-) into the definition of H; and L?, respectively.

Presmoothing step The estimation of (u,v) implies the reconstruction of the curves
X1,..., Xy at the points u and v, using data as described in . To preserve the stationarity
of the reconstructed curves, we use the same linear presmoothing estimator for all X,,. Given
the sample points (Y}, i, T5.i), 1 <1 < M, the presmoothing estimator of X, is defined as

My,
Xo(u) =Y Wni(wYn;, uwelJ n=1,..N, (A.2)
=1



where the weights {W),;}i=1..am, depend on (My,Ty1,..., Ty m,) and some presmoothing
parameter. We impose the following assumptions on the presmoothing estimator.

(D1) The error variable e from (H4) has finite moment of order p with p from (H7).
(D2) The sums of the absolute values of the weights W), ;(u) are bounded by a constant.
(D3) Constants B, 7>0 exist such that Ry(\)=sup,c; E[{X,(u) — X, (u)}2]<BAT.

Assumption is always satisfied with the constant equal to 1 when the weights W, ;
are non-negative, and this is the case for the Nadaraya-Watson estimator. Assumption
is a mild condition. For instance, when T" admits a density and below holds true,
can be guaranteed when the density of T' stays away from zero, and that density together with
the sample paths of X, satisfy some mild smoothness assumptions (e.g., [Tsybakov, |2009). In
general, the rate of the quadratic risk Ry is given by a negative power of the sample size. For
simplicity, here we require Rs to be bounded by a negative power of .

Local regularity estimators Given the presmoothed curves Xn, the estimator of 0(u,v) is

N 2
O(u,v) = %Z ()?n(v) - )Z'n(u)> , u,v € J. (A.3)

n=1

Our estimators of H; and L? are then defined as,

~ ~ ~

ﬁ. _ ].Og(g(t17t3)) — log( (tlatQ)) and 2.:2 _ M
! 21og(2) t N

Theorem A.1. Assume that to (@) and to (@) hold true, and E[t, Z% are defined
with A < Ag. A constant C > 0 exists such that, for any ¢ € (0,1) satisfying

(A.4)

L?1og(2
A2P0g2 < t‘f()% (A.5)
AT/ < L2, (A.6)

we have

= fo
P (‘Ht - Ht‘ > (,0) < m + bexp (—goNg02A4Ht),

for some universal constant b, provided X is sufficiently large. The constant C' depends on ag
from (6a)) and B from @, and fo and go are determined by the dependence structure of X.

Theorem A.2. Assume that the conditions of Theorem hold true. A constant C > 0
exists, such that for any ¢, € (0,1) satisfying the additional conditions

3AT2AP082 < g, (A7)
6LZA"%p|log A| < 1), (A.8)
ATT/2 < CAZPY AR (A.9)
we have
72 2 0 fo
F (‘Lt a Lt‘ ” ¢) S N@EATAE T N2 AT,

+ bexp (—loNy? AYH42) 4 gbexp (—goNp? AH),

for some universal constant b, provided X is sufficiently large. The constant C depends on ag
and B, while the constants cg, fo, 9o, lo are determined by the dependence structure of X.



Remark 1. Since A < 1 and ¢ > 0, the condition (A.8) implies 6L7p|log A| < 1. Thus,
when 1) decreases to 0, p|log A| and A™2% converge to 0 and 1, respectively.

Remark 2. The role of (A.5)) and ( is to control the bias between the parameters and
their proxies (Ht,Lt) If SO = 0, the convergence rates of Ht and L2 are given by ¢ =

ONT2A—2H) and o = O(p(N)]log(A)]) = ONT/2A2He|log(A)]), respectively. Mean-
while, if So # 0, the conditions and tend to decrease these rates of convergence,

that are @ = O(N~TP0/2Bo+2He)) g op = O(N=7P0/(2B0+2H1) | 1og(A)|) under the condition that
A = Q(\T/(4Potat)y,

In applications where the local regularity estimation serves some specific purposes such
as adaptive estimation of the mean, and (auto)covariance functions, it will suffice to consider
¢ = (logA\)"% and ¢ = (logA\) . The only choice the statistician has to make is that of A,
for which we propose A = exp (—(log A\)7) for some v € (0,1). See Section

A.2 A class of processes with continuously differentiable paths

For any d € N, V% denotes the d—order derivative operator, and Ri is the set of vectors in
R? with positive components. Let J C I be an open interval. Let us restate the assumption
(H6) and Definition |1} in the general case including processes with smooth sample paths.

(D4) For some ¢ € N, the stationary distribution of {X,,} satisfies the following conditions :
Lipschitz continuous functions Hg : J — (0,1] and Ly : J — (0,00), d € {0,...,d}, and
constants 85 > 0 and S5 > 0 exist such that:

(a) with probability 1, for any d € {0,...,d}, the function V¢X exists over J, and
d 2 d 2
0<ay:=infE [(V X(u)) ] <supE [(V X(u)) ] =:Gq < 00; (A.10)
ueJ ueJ
(b) there exists Aso > 0 such that Vt,u,v € Jwitht—As0/2 <u <t <v <t4+A50/2,

2
‘IE [{VJX(U) - v5X(u)} ] — L2 fu— oo | < S2fu— vPHoct 2 (A1)

Definition 1. Let X(6+ Hs, Ls; J) denote the class of stochastic processes X with continuous
paths satisfying , where Ls = (Lo, ..., L) € ]Ri“, and

0 <inf Hs, <maxHs, <1 and 0< min inf L4, < max sup Ly, < oo.
ued ueJ ’ 0<d<sueJ du 0<d<5 weJ

If X € X(0 + Hs,Ls; J), with § € N and 0 < Hsy < 1, the local regularity of X at t, an
interior point of I, is defined by the parameters oy = § + Hs; and Lgt.

For the purposes of the applications we have in mind, when § > 1, estimating the Holder
constants Lg; for 0 < d < 6 — 1 is worthwhile, and thus will not be considered. The following
result describes the embedding structure of the spaces X' (6 + Hg, Ls; J).

Lemma A.1. Assume that X belongs to X (6 + Hs, Ls,J) for some § € N*, J an open sub-
interval of I, 0 < Hs < 1, and a bounded vector-valued function Ls € Ri“'l. Then, for any
de{0,...,0—1}, X belongs to X(d+Hg, Lq,J) with Hy = 1 and some bounded vector-valued
function Ly € Ri”'l.



Proof of Lemma S[A.1 Let X be in X(6 + Hy, Ls, J). We introduce the following notations,

0< H :=inf H, and max sup Ly, =: L < 00.
T ey o 0<d<s UGE’ du

By the definition of X (§ + Hs, Ls, J), the Assumption (DH)-(a) is satisfied for any d < 4.
Let us next fix t € J, and d € {0,...,6 — 1}. By definition, Aso > 0 exists such that
[t — Aso/2,t + Asp/2] C J and holds true for 6. By the Mean-Value Theorem,
Vu,v € [t —Aso/2,t+ Aso/2] such that u < ¢ < v, there exists w € (u,v), which may depend
on d, such that

E ‘VdX(u) - VdX(v)‘Q = (u—v)2E (vd+1X(w))2: (u—v)2{L2, + 2B1(d) + Ea(d)}
where L?l,t =E [(Vd‘HX(t))z} € [ag.1,0441) and

E1(d)=E [vd“X(t) (vd+1X(w) - Vd“X(t)>] , Ey(d)=E (vdHX(w) - vd+1X(t))2.
By Cauchy-Schwartz inequality we get
‘E UvdX(u) - vdX(v)ﬂ — L2 (u— U)Q’ — 12E1(d) + Es(d)] (u — v)?

< (QLd,ﬂ /Ea(d) + Eg(d)) (u—v)?
< (2 VE(d) + B(d)) (u - v)*(A12)

It thus remains to bound FEs(d). Without loss of generality, the length of .J is assumed smaller
than 1.

The case of d < § — 2. By the Mean-Value Theorem, condition , and since
lw—t] < |u—v] < Agp,

2
Es(d) =E “vdHX(w) - Vd“X(t)‘ ] < Ggio(w — 1)? < Ggyalu — v]?.

Then (A.12) implies ([A.11) with Ago = Ao, Hay = 1, S7 = 2/@a111/Gdt2 + Gat2 and
Ba=1/2.

The case d =6 — 1. Since |w—t| < |u—v| < Asp < 1, condition (A.11]) considered with
¢ implies

2
By(0—1)=E UV‘SX(w) - V‘SX(t)‘ ]
< L3 yfw — ¢t 4 SFaw — o255 < {13, + ST} u — oo

We then deduce from (A.12) that, V|ju —v| < As_10 = Asp,

2
‘E DvdX(“) - VdX(U)‘ ] — L3, (u— 1))2' < S% | |u — v|2Hast2Ba

with Hyy = 1, B4 = H, S2_, = 2\/agi1\/ L + 82+ L" + 52, where sup;c; Ls; < L, 0 < H <
infic 7 Hsy. Then (A.11)) follows. O

Example 2 (Local regularity of FAR(1)). Let {X,} be the stationary FAR(1) time series
defined by an integral operator with kernel v and with an MfBm functional white noise with

Hurst exponent function H¢. Under the conditions stated in Example @, {X,} belongs to
X(He, 1;1).



Proof of the statement in Ezample[d. Let t in the interior of I, and w,v € I such that u <
t <wv. Without loss of generality, assume the length of I is equal to 1. By Jensen’s inequality,

X0 = K00} = {6al0) = 60} < [ [os,) = (s, ) X2y (9
§C|u—v|2H¢/IX,21_1(s)ds

Using the stationarity of {X,,}, we have

o (Xa() = Xa(0)) = v (En(u) = €u(v) |
< s () = Xn(0)} — {n(w) — £a(0)}) < (X )t — 0]
By the properties of the MfBm, assuming sup,c; He ., < 1,
3 (6n() — €a(0) = fu— oo {1+ Ou — o)
for some B¢ > 0 (Wang et al., [2025). Next, since |z% — y?| < |z — y|? + 2|y||z — y|, we get

[E [1Xa(u) = Xa(0)] = Ju = v er| < Co(Co + 2)|u — vf2er 2,

with Cop = CY215(||X||o0) and fo = min{fBe, Hy — Heyt > 0. Hence, {X,} belongs to
X (He, 1;1). O

A.3 The smooth case : local regularity estimation

Following (Golovkine et al.| (2022), we now construct an estimator of the local regularity when
X restricted to J, belongs to X(d + Hs, Ls; J) with 6 € N. Lemma S indicates that
when § > 1, V4X restricted to J belongs to the class X (Hy, Ly; J) with Hy = 1 if d < 6.
With at hand an estimator A of A and a suitable decreasing function ©(A), for instance
©(A\) = (log A\)~2, the Theorem suggests as estimator of § the nonnegative integer

§=min{d e N: I?Idﬂg <1—9pN)},

where fId’t is an estimator of the local regularity exponent parameter of {V9X,} at t. A
natural estimator of the local regularity parameter oy is then

at =40+ I/‘jg’ ‘
The sequential procedure based on 5 was summarized in Algorithm It thus remains to

study the estimators for the Hy, d = 1,2.... Like in the non-differentiable case, we first
define proxies for these quantities that we next estimate nonparametrically.

Proxy values of H;; and L Let d > 1, A < Ay and t1,t2,t3 € J such that t3 —t; = A
and to =t = (t1 +13)/2. In VleW of (D ., we consider the following proxy values of Hg; and
L2, -

d,t

log(0a(t1,t3)) — log(0a(t1,t2))
2log(2) ’

where O4(u,v) =E [{VdX(u) - VdX(v)}T .

Hgy = Hy(A) =

04 (t1,t3)

Lz,t = L?l,t(A) = AZHd,t )

Like in the non-differentiable case, an estimator of 64(u,v), u,v € J, is easily obtained from
the estimates of the d—th derivative of the samples paths.



Algorithm 1: Estimation of the local regularity «; with differentiable sample paths
Input: Function ¢(\); integers My, ..., My; data points (Y}, ;,Ty,i) generated as in
(1),1<i<M,,1<n<N
Output: Estimation of ay = § + Hj,
AN NYM+...+ My),d+ 0
Compute ffo,t as in
while Hy; > 1— o()) do
Estimate the (d 4 1)-th derivative of the trajectories of {X,,}

Calculate Hy using the estimated trajectories of the (d + 1)-th derivatives
Set d <« d+1

return d + .FAId,t

Presmoothing the derivatives Let d > 1. Given the data points (Y}, 3, T5i), 1 <i < M,
we consider a linear smoother under the form

VX ( Z Yoi, u€dJ,n=1,...,N, (A.13)

where the weights {Wfli)}i:l,_ M,, are built from the data points. The local smoother we have
in mind is the local polynomials. We consider the following assumptions for the presmoothing
of the derivatives.

(D5) A constant ¢y > 0 exists such that

sup su < cw, vd € {0,...,0}.
n= 1pNu€EZ‘ ‘ v { }

(D6) Constants B > 0 and 7 > 0 exit such that

Raa(\) = supE (@?{(u) . VdX(u)|2> <BXT, vdel{o,...,5).
ueJ

For instance, up to a slight modification, local polynomial smoothers satisfy the conditions

and @

Local regularity estimators of the d-th derivatives For d > 1, given a presmoothing
estimator V4X,,(u) of V4X,,(u), for u € J, we define the estimators of Hy; and L3, as

.o log fa(t1, t3) — log Oa(t1, t2)

ot = 21log(2) ’
~ N
~ Ba(tt 1 2
12, = “‘A(Qé’dj’) where W)=+ (vdX Van(v)) .
’ n:l

In view of the proof of Lemma SJA ] let us define

Ba=1/2 if d<§—2, and fBs_1=H,

2
L3, =E [(VdHX(t)) ] €agy,dar), 1<d<6-1,

7



and

S2 = 2\/Ga11\/dr2 +Tgso  if d<6—2, and S2,=2\Ga\L +S2+L° + 52

We now state the counterparts of Theorems and for the case of differentiable
sample paths. The proofs are provided in the next section.

Proposition A.1. Assume that to (@j}, , (@), (@) hold true. Letd € {0,...,0}

and ﬁd,t,zfm are defined with A < Aso. Constants Cq exist such that, for any ¢ € (0,1)
satisfying the conditions

L? log(2
A?Pig2 < d’t4g(>g0, (A.14)
AT < CyLd oA (A.15)
we have
P(Ja — ol > ) < (2+ ) N(;QN T bexp (—aNo?AY) ||

for some universal constant b, provided ) is sufficiently large. The constants Cy depend on
the @q’s from (A.10) and B from (LJf), while the positive constants § and g depend one the
dependence measure.

Proposition A.2. Assume the conditions of Proposition [A1] hold true. Moreover, constants
Cyq>0,deA{0,...,0}, exist such that for any ¢, € (0,1) satisfying

3ATZPNPa82 < o, (A.16)
6L5,A"*p|log Al < ¢, (A.17)
A2 < CuAZPY AR e (A.18)
we have
> 2 ¢d fa
P (’Ld,t - Ld,t‘ > ¢) < N2 At T N2 AHHq

+4bexp (—gaNp? A1) +bexp (—gNy?Atat1e),

for some universal constant b, provided ) is sufficiently large. The constants 5,1 depend on
the aq’s and B, while the constants ¢q, {4, 84, la are determined by the dependence structure
of X.

B Proofs of Theorems [A.1] and [A.2]

B.1 L? — m—approximability

Let us introduce some additional notations : (f ® ¢)(s,t) = f(s)g(t), Vs,t € I and ¢ € Z.
Meanwhile, the tensor product o is defined as (X, 0 Yy,) (9) = (Y, 9)y Xn, for all X,,,Y,,, g €
C. Recall that £ = L£(C,C) is the space of bounded linear operators on C(I) equipped with
the sup-norm. The proofs of the following lemmas are given in Supporting Information.

Lemma B.1. Let {X,} and {Y,} be two Li — m—approzimable sequences in C, for some
p > 4. Define :

1. 7z = A(X,), where A€ L ;



2. 7% = X, + Yy;

3. 7% = X,Y,;

4. Z9 = (X, V) € R;

5. 720 = X, 0V, € L;

6. ZT(f) = Xy, ® Xyqe, where here {X,} is L — m—approzimable for some p > 8.

Then {Zr(bl)}, {Z,(f)} are L, —m—approzimable sequences in C, and {ZT(LG)} is ILZ/Q —m—appro-

ximable sequences in C and its ]Lg/2 — m—approximation is X;Lm) ® XS_'Z#). If X,, and Y,
are independent, then {ZT(?)}, {Z7(«L4)} and {Zq(f)} are LP — m—approximable in their respective

spaces.

Lemma B.2. Let { X, }nez be a Lg — m-approximable sequence. Let s,t € I, t # s, and let ¢
be a constant. Define

F,=X,t) eR  and Gp=(Xn(s)— X,(t)*+c

Then {F,} is LP — m—approzimable in LP and {G,} is LP/? — m—approzimable in LP/2

~

B.2 Study of 6(u,v)

The regularity estimators are built as estimators of the proxy quantities H, and E? Their
concentration will thus depend, on the one hand, on the accuracy of the proxies, and on the

o~

other hand, on the concentration of the proxies’ estimators based on the quantities 6(u,v)
defined in (A.3). We first investigate these aspects before proving Theorems and

Lemma B.3 (Proxies accuracy). Let t € J.

1. For any ¢ € (0,1) and 0 < A < Ag such that 4A%%S2 < [21og(2)p, we have

|H; — Hy| < ¢/2.

2. Let H € (0,1] such that |H — H¢| < ¢ < 1. For any ¢ € (0,1) and 0 < A < Ay such
that S2A%P0=2¢ < 4 /3, we have

O(ty,t3) — LAt
A2H

< /3.

~

To study the properties of (u, v), we use the Nagaev-type inequality for sums of dependent
random variables, see Liu et al.[(2013). For real-valued variables, the dependence measure used
under the LP — m—approximability assumption is slightly more restrictive that the functional
dependence measure, as defined in Wu (2005|, Definition 1). Lemma below, a version of
Liu et al. (2013, Theorem 2), states a Nagaev-type inequality as we will use for our study. The
proof is provided in Supporting Information. Let {U,} be a sequence of real-valued random
variables, and let S}, = max{|S,|, n=1,..., N}, where S,, = Uy +--- + Up,.

Lemma B.4 (Nagaev inequality). Let {U,} C R be stationary, LP — m—approzimable,

E(U,) =0, and v:= i (mp/2_1y£%p) 1/(p+1)

m=1

< oo where Vpy, =1 (Um - Ur(nm)> .



Then

P(Sky>¢)<c N (0P + vP(UY)) + ¢, exp et +2exp [ — cpe”
N — = p5p p 1 P NU2+2/p NV%(Ul) )
where ¢, = 29p/log(p) and c;, are two positives constants.

~ ~

We now study the concentration of (u,v) and 6(u,v)/0(u,v).

Lemma B.5. Assume the conditions of Theorem [A.1] hold true. Let u,v € J, u <t < v,
be such that A/2 < |u—v| < A and let ng = no(\) = 8 (2\/670—% \/Rg()\)> V/R2()\). For any
k > 0, define the probabilities

P (w,0) =P [Bu,0) > (14 10)0(w,0)| g (w,00) = P [6(u,0) < (1= 0)0(u, )]
Then, for any n such that ng <n <1,

P <’§(u,v) — 0(u, v)‘ > 7]) <2 4 bexp (—eNn?),

where b is a universal constant, and a, ¢ are constants depending on the dependence measure
and the fourth-order moment of X (u). Moreover, for any k such that ny < k0(u,v) < 1,
92H:+2

= NAZLIAM:

¢
2Ht+2

max [pg(u, U; K), Dy (6, ; E)] + bexp ( NRZL;LA‘lHt).

B.3 Proof of Theorem [A.]]
Proof of Theorem[A.1l By to (A.5) and Lemma we have |Hy — Hy| < ¢/2. Then,

~

O(t1,t3) O(t1,t2)
9(251, t3) /0\(t1, tg)

<P é\(tl,tg) (/9\(751,752) 9| 1P é\(tlat?)) ?\(tlth) <27 % .
(t1, t2) 0(t1,t3) (1, t2)

P(|H, — Hy| > ¢) < P(’ﬁt—fft’ > 90/2> <P ( log

> cplog(2)>

By simple algebra and using the definition of the functions pj, p, from Lemma we get

P(|H, — Hi| > ¢) < pg (t1, 13529/ — 1) + py (tr, t3;1 — 279/%)
+ g (t1,12;297% — 1) + py (b1, t2; 1 — 279/2),

provided that no(\) < |2¥%/2 — 1|@(u,v) < 1. This is guaranteed by the condition (A.6)
with C = B=Y2(2y/a@y + v B)'1og(2)/2'%/2. To see this, first note that for any ¢ € (0,1),
12%¢/2 — 1| < plog(2)/2Y%. By and (A.5]), we thus have

1259/2 — 119 (u, v) < (5 log(2)/25/2> LA <1 as A 0.
Second, by |E) no(A) < 8 <2\/% + \/E) BY/2)\~7/2, Gathering the two bounds, we get

—1
A2 < <5B—1/2 (2\/57)+ \/E) log(2)/211/2> QL2A2H:

10



which is condition (A.6)). Now, with ¢; =ty or t; = t3, we have

22Hi+2q e(2¢/2 — 1)2
+ . +p/2 _ _ 4 A4H
Dy (1, te; £(2 1)) < N(2E#72 ~ 12LIAM: + bexp — T NL;A*
22Hot4q /10g(2)? elog(2)® 5 4 \am,
< N¢2L§A4H0 + bexp <_22H0+4 Ne“L; A 0>
fo/4

= Np2A, + bexp (—goNp? AtH0),

where fo = 22Ht%6q/(log(2)2L}) and go = eL}log(2)?/22Ht+4. For the second inequality, use
log?(2)p? /4 = {£1og(2+%/2)}2 < {£(2%%/2 — 1)}2. The quantity pg (t1,tx; F(25%/2 — 1)) can
be bounded similarly using log?(2)¢?/4 < {F(2*¥%/2 — 1)}2. Gathering the four terms and
changing 4b to b, we get the result. O

B.4 Proof of Theorem [A.2]
Proof of Theorem[A.9 By definition and elementary algebra,

0(t1,t3) = 0(t1,ts)] |, [0(t1,15) — LEAM

i LA | oy pmed
A2Ht A2Ht

L7 - 13| <

and thus

P(L7 - L7] > ) S]P)(‘ﬁt_Ht’ <, |L - L} >1/1> +P<’ﬁ[t_Ht‘ >90)-

If ’ﬁt — Ht‘ < ¢, by condition (A.7) and Lemma we get A*Qﬁt\ﬁ(tl,tg) — LA <
1/3. Furthermore, since the function z — A?® is Lipschitz continuous over [—¢p, ¢], we get

L1 — AQHt*Qﬁt] < 4/3, provided |H, — Hy| < ¢ and condition (A.8) holds true. We deduce
that

~

P(ILZ — L2 > 0) < P (|H; — Hil < o, |0(tr, ts) = 0(t1, t3)| > A2 es3) + P(|H, — Hi| > o)

gp(yé(tl,tg) —O(tr,t3)| > A2ﬂt+2w/3) n P(\ﬁt ~Hy| > (p) .

The second probability of the right-hand side of the last inequality can be bounded using
Theorem and the probability p{ in Lemma provided that no(\) < AZHiF204,/3 < 1

which is guaranteed by condition (A.9) with C = B~Y/2(2/@, + vB)™'/(3 x 23). In fact,
note that Assumption 1E) implies ng(\) < 8 <2\/% + \/E) B/2)\=7/2 hence

A2 < BTY2(2y/@g + VB) /(3 x 23) A%y AP < 1,

as A — 0. Then Theorem follows. O

C Proofs of Technical Lemmas and Examples

In this section we provide the proofs of the lemmas from the main manuscript, as well as a
formal justification for the examples. For the sake of readability, we reproduce each of the
statements before providing the proof.

11



C.1 Lemmas on L. — m—approximability

We first provide the proofs for the results stated in the Appendix of the main manuscript.
For the sake of readability, we recall the notation and the statements. The multiplication
operator ® is defined as

(f®g)(s,t)= f(s)g(t) Vs,t €l and /{€Z.
Meanwhile, the tensor product o is defined as
(Xn © Yn) (g) = <ang>7-[ Xn, VXTmYng eC.

Finally, £ = L£(C,C) is the space of bounded linear operators on C(I) equipped with the
sup-norm.

Proof of Lemma[B.1. We use the simplified notation Z, for all the points of the Lemma.
Moreover, without loss of generality, we assume the length of I is equal to 1.

Let Z, = A(X,,), and let Z{m = A(X,Sm)) be its coupled version. The definitions of £
and [|A[|,, entail that

o (120 = 20 1) < WAl (1% = X 1c)

Since { X} is L5 —m—approximable, the sequence {vp(||Z, — Z (m)||oo) m € 7} thus converges
in the sense of condltlonl in Deﬁmtlon n As a consequence, {Z,,} is ]Lfj —m—approximable.
If Z, = X,, +Y,, we have

v (12 = 25 10 ) < v (11X = X5 o0 ) + 2 (¥ = ¥ )

and the statement is a direct consequence of the fact that {X,} and {Y;,} are Lf — m—appro-
ximable.

When Z,(t) = X,,(t)Y,(t), Vt € I, we note that
Zn— ZM = X, (Yn - Yn(m>) +ym (Yn - Yn(m)) :
By the independence between X,, and Y,,, we have

o (120 = 2511 <21 Xllod 3 (1Y = Y™ o) + 2 (1Y o) 7 (1 = X 1o

Using the stationarity, up(||Y75m)||oo) = vp (||Ynlloo) and v, (|| Xn||cc) are constants. Hence,
{Z,} is L} — m—approximable.
If Z, = (Xn, Yn)n, we have

(m)’:‘<XmYn>H—( X,y H’<HXY - X" m)H

and thus
vy (Zn - Z,@) <, (HX Y, — Xy ||OO> .

By the property at point , {Z,} is P — m—approximable.

5)) Here Z,, is the Hilbert-Schmidt operator defined by the tensor product (X, o Y,)(:) =
(Xn,)Ys,. Thus the notion of LP — m—approximability is considered with C replaced by the
space L equipped with |[||-||| ., which is a Banach space. Since |||, < |||, and

[Zn(ej) - Z(m)( ])] (1) = Xn,e)uYn(t) — <X(m) 6]>HY(m) (t)
= <XnYn(t) - X}Lm)Yn(m) (t)7 ej>a

12



using Parseval’s identity, we get

H

2

Z (e)) H

H

< / i<XnYn(t)—X,gm)Y,Sm)(t),ej>2 dt
1\

= [0~ XY @) e
I
/ / () — X (5)y (m) (t))2 dsd.
IxI
Next, since (ab — cd)? < 2a?(b — d)? + 2d?(a — ¢)?, we get
(Xa(@)Yalt) = XSV D) <2 [Xa() (¥a0) - ¥ 0) ]|

+2 [Y,gm> (t) (Xn(s) - X,gm>(s))} ‘.

By Cauchy-Schwarz inequality and the subadditivity of x +— /z,

20— 2| <2 (1l = ¥l + 1~ v,

N—

< V2 (11X lloellY = Y™ oo+ 1 oo X = Y™ )

Since vp(-) is a norm, and the processes X,, ans Y;, are independent, we get,

o ([l7 = 2))

< 2 (IXalloo) 7 (1Ya = Y™ oo ) + 2 (¥alloe) v (11X = X5 1 ) -

We then conclude that {Z,} is L. — m—approximable.
@ Here, Z, = X, ® X1+ and we have
Zn = f(§n7€n—17 .- ) © f(fnJrfag(nJr@)fla .- ) =g (€n+€7§n+€ o &ny&n—1, - - ) .
Thus, we can define
l
Z(m) —9(€n+€7§n+£ "')gnugn 1y 'r(Ln—lf)rn7§,SlTr_l)(m+1))> :Xr(z ) Xy(lr_tz)7
which entails that
¢
Zn — Zr(zm) = Xn ® Xpye — X7(zm) ® X?ST—):ZF :

= (X0 = X0} ® X+ X0 0 (Xope - XT1F0),

and

+¢
1Z0 = Z8 oo < 11X = X oo | Xntelloo + 1 X ool Xnre = X oo

By Cauchy-Schwartz inequality, we then have

or2 (120 = 28 lloe) < v (11X = X0 lloo ) p (1 Xnelloc)
2 (15 oo ) v (1 Xse = X2 oo)

and thus {Z,} is ]Lg/ 7 m—approximable. This concludes the proof of the Lemma. O
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Proof of Lemma[B.3. With FT(Lm) = X1(1m) (t), we have
vy (o = Fi™) < v (11X = Xl ) -

The L — m—approximability of {X,} therefore involves the LP — m—approximability of
{F,). For G, let GI™ = {x™(s) — X{™(#)}2. By Lemma [B.1 {X,(s) — Xn(t),n € Z}
is LP — m—approximable. Using the Cauchy Schwarz inequality and the stationarity, it is
straightforward to deduce that G,, is LP/2 — m—approximable. O

C.2 Examples of L» — m—approximable FTS

Example 3 (IL? — m—approximability of FAR(1)). Let U be a bounded linear operator such
that || ¥|| < 1 and {&} C L2 be i.i.d. with mean zero. A zero mean sequence {X,} of
elements of C follows a FAR(1) model if

Xn(t) = U(X,1)(t) + &n(t), tel, nez,
see|Bosq (2000, Theorem 3.1). Then {X,} is L — m—approzimable.

Proof of the statement in Ezample[3. According to the Theorem 3.1. of Bosq (2000), the
FAR model has a unique stationary solution {X,} C Lg_[ and admits a moving average (linear)
representation

Xn =) V(& ),
j=0

where U/ is the j™ iterate of . For each n, let {fj(-n), j € Z} be an independent copy of
{¢&,7 € Z}. Then, the approximation of X,, is given by

m—1 ')
XM = 3" wig, )+ S wiEl),
=0 j=m

and using the linearity of ¥, we get
e .
X=X =30 (Gy -6
j=m

Applying the sup-norm and v, on both sides, using the triangle inequality, noting that {¢;}
and {ﬁj(-n)} are i.i.d., and ||V < 1, we get

o0
j 2vp(§)
v (16 = Xl ) < 206 3 NI < NI == =0 asm oo,
j=m 0

where £ has the same distribution as §;, and

o0

>~ v (1% = X"l ) < 0.

m=1
It follows that {X,} is Lj — m-approximable. O

Example 4 (IL? —m-approximability of general linear process). Let {X,} be the linear process
defined as Xn = 3720 V;(n—j), with {&;} C Lg ii.d., E(§;) = 0, and the operators ¥; € L
satisfy 3021 jl19;ll, < 0o. Then, {X,} is L — m—approzimable.
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Proof of the statement in Ezample[]. Let {fj(-n)} be an independent copy of {¢;} for each n.
Then, the IL@ — m—approximation of X, is given by

-1

xm \IfjgnJJrZ\p
J

3

I
o

Thus, following closely the same steps as the FAR(1), we have

v (1 = XEloo ) < Zw(@” &) ) = 2nllighoe) 315,
. P

o0
and thus
e} o0 oo
> v (1 = X0 o) < 205(6) 32 D MWl < o
m=1 m=1j=m
This shows that {X,} is Lj — m—approximable. O

Example 5 (LP — m-approximability of product process). Suppose that {Y,} C L{ and
{Un} C LP are two independent LP — m—approzimable sequences in the respective spaces.
Their representations are Yy, = gy (m,m2,...) and U, = gu(y1,72,...), respectively, where
{nk}r and {y}r are two i.i.d. random sequences. Then, the sequence X, () = U,Yy(-) is
]Lg — m—approximable sequence.

Proof of the statement in Ezample @ Let XT(Lm) = U,sm)YTEm) be the ]Lg — m—approximation
of X,,. Then,

Xo = X = UpYy = UV = U, (Yo = Y)Y, (U, = U™,

n

taking the v, norm both sides, we have

v (1 = X0 oo ) < v (10 (Yo = Y7) o) 42 (1857 (U = UE™) l10)

Using stationarity and the independence between Y,, and U,, we get

o (1% = X0lloo ) < v (Un) v (¥ = Y™ lloo ) + v (1Valloo) v (Un = TUF™).

Thus,
i " (Xn - XT(LM)> < vp (Un) niyp <Y” - Yrgm)) +vp (Yn) ni Up (Un - Uém)) < 00,

since Y, and U, are LY —m—approximable the respective spaces. This concludes the proof. [J

Example 6 (L — m—approximability of ARCH model). Let ¢(-) € C be a positive function
and {&,} a sequence of independent copies of £ € Ly. Let B(s,t) be a continuous non-negative
kernel function in 1.2 (I x I). Then,

Y, (t) = & (t)on(t)  where  o2(t) = c(t) + /ﬂ(s,t)Y,f_l(s)ds, (C.1)
I
is the so-called functional ARCH(1) series. If for some p >0
E{H(ﬁQ)}p/2<1 with —sup/ B(s,1)E%(s)
tel

then (C.1)) has a unique, strictly stationary solution {Y,}, which is is L — m—approzimable.
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Proof of the statement in Ezample[f. The existence and uniqueness of the solution of (C.I))
was proved by Hormann et al.| (2013). Theorem 2.2 of [Hormann et al.| (2013)) shows that {o},}
admits the MA representation

JZ - g(fn—lyfn—% . ')a

with some positive, measurable g € C. For each n, let {§J(")} be an independent copy of {¢;}.
Then, the coupled version of Y, is given by

Yim = gl

where {crgm)}2 = g(&n,--- ,gn,mﬂ,ffl”_)mﬂ,g,@m_l, ...) is the coupled version of o2. Note
that
(m) 2 g mnz||'?
¥ = Y™ oo < [allo [0 = {o5 12|
because |0, + Uy(Lm)] > |oy — O'»gm)|. Since &, is independent of o2 — {(L(Lm)}27 we get

B {1, - ¥} < Bl Ef]

-t}

Theorem 2.3 of Hormann et al. (2013) provides the following upper bound

where 0 <7 =r(p/2) <1 and ¢ = ¢(p/2) < co. Consequently, we have,

o2 — {aﬁlm)}2Hi:2} <er'™, Vn,m,

vy (I = Y™ o) < MPrm/ow (€lloe), Wy,

Then the series of general term v, <||Ym - Y,ﬁlm)Hoo) is convergent, and this shows that {Y},}
is LP — m—approximable. O

C.3 Proof of Lemma [B.3

Proof of Lemma[B.3 1. By condition (6b), we may rewrite 0(u, v) for u,v € [t—A/2,t+A/2]
as
0(u,v) = Lilu — o {1+ p(u,v)},

where |p(u,v)| < (So/Li)* A%%. Since 4425083 < [21og(2), we have |p(u,v)| < 1/2. Using
the fact that x — log(1 + ) is Lipschitz continuous on x € (—1/2,00), we get

[log(1 + p(t1,t3)) —log(1 + p(t1, t2))|
21og(2)

"~ (Ip(ts, ta)] + (i, t2)]) < 1og2<2>

-

= log(2)

2. By condition (6b), if A2P0=2082 < 4y /3, we get

(So/Ly)? A% < /2.

< SgAPor2(H—H) o GEAZ0=22 < )3,

O(t1,t3) — LIA2H:
A2H
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C.4 Technical lemma: Nagaev inequality

The local regularity estimators in Section [A] are functions of

N 1L N 2
O(u,v) = N Z <Xn(v) - Xn(u)) , u,v € J.

~

To study the properties of 6(u,v), we use the Nagaev-type inequality for sums of dependent
random variables, see Liu et al. (2013). When dealing with real valued random variable,
the dependence measure used in ILP — m—approximation is slightly more restrictive that the
functional dependence measure defined in |Wu (2005, Definition 1).

Wu| (2005, Theorem 1) establishes that the measure of dependence of a stationary causal
random variable X, on {{;,7 > m} can be bounded by the dependence measures of X,
on individual §;’s. Therefore, the author considers only the element-wise dependence in the
sequel of his work. In the same way, |Liu et al.| (2013) adopt the functional dependence measure
on individual ¢; and state Nagaev inequality in this framework.

Nagaev inequality of Liu et al. (2013). Let {U,,n € Z} be a stationary, centered,
real-valued causal process of the form

Un - g(é-nagnfl) c ')a

where {§, }nez are i.i.d. real random variables and g : R* — R is a measurable function. Let
{&,,n € Z} be an independent copy of {&,,n € Z}. A coupled version of U, is denoted by

U7/n = g(fmagm—h o 7§17€67€—17 o )7
and the corresponding distance is measured with
s 1/(p+1)
)\m7p = ]jp(Um _ U;n)’ v = Z <mp/2—1)\’zr)n7p) p )
m=1

We assume that a short-range dependence condition is satisfied, i.e., Y ~qAmp < 00. Let
Sp = Uy + -+ - + Uy, be the partial sum of the process. [Liu et al.| (2013, Theorem 2) provides
Nagaev-type inequality for S%, = max{|S,|, n=1,..., N},

* N p+1 D / Cpgz cp€2
Ve >0, P(SNZeS)Scpg—p (VP 4 VB (U1)) + ¢ exp T NuIp + 2exp _W ,
(C.2)

where ¢, = 29p/log(p) and ¢}, are two positives constants. The expression of the constant c;,
depends on the Gaussian-like tail function defined as:

o0
Gqly) = Zexp (—quQ) ) y>0,qg>0.
j=1

For instance, if e = v Nvu'T1/Py and y > 1, then we get ¢, = 4G1_9/p(1)e. Now, if y < 1, we
can take a fix and very small yg such that y > yg and obtain c; =4G_y)), (\/@yo) exp{cpyg}.
Finally, we can consider,

¢ = max {4G1 5/, (1)e; 4G a7 (/&pyo) exp{epyd} } -
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Nagaev inequality under our weak dependency assumption. The inequality
involves only element-wise dependence coefficients whereas the ILP — m-approximation mea-
sures the dependence of U, on the whole sequence {&;,7 > m}. Let us now consider {U,}
a ILP — m—approximable stationary process, and let the associated coupled version of U, be
defined as

Ur(nm) = g(£m>§m717 e 751)5(()771)75(_7711)75(_”21)7 e )7
where, for each m > 0, {£§m),i € Z} is an independent copy of {;,7 € Z}. Let
Vm.p = Vp (Um — Ur(nm)) .
Lemma states a version of Liu et al.| (2013, Theorem 2) under P — m—approximability
assumption.

Lemma B.4 (Nagaev inequality). Let {Uy} be a real centered valued ILP — m— approximable
stationary process such that

U= i (mp/2 ! mp> YD < 00.

m=1

The Nagaev-type inequality remains true, that is

* N vt p / cpe” cpe”
]P’(SNZE)Scpg—p (U +Vp(U1))+CpeXp T N2t + 2exp _W ’

where ¢, = 29p/log(p) and c;, are two positives constants.

Proof of Lemma[B.4. The proof of this lemma follows closely the lines of the proofs of [Liu
et al. (2013, Theorem 1 and Theorem 2), therefore some similar parts will be omitted. The
key step is their Equation (2.12) in the proof of Theorem 1 where v,(Uy ; — Uy j—1) is bounded
by Ajp, with Uy ; = E[Ug|&, - ,&k—;]. So it remains to show that v,(Uy ; — Uy j—1) is also
bounded by v;,. Note that

Uj—Uij =E[U1l&, - -] —E[Ul&, - & 1)]
=E [9(517507"' 151 (j-1)» él ]agl (J+1)» )‘617 o >€1—j]
—-E [9(51,50,'" 751 (j—1)» &1 ja§1 (j+1)» ED|ISTREE ,51—(3'—1)} .

Since {55‘7 )}iEZ is an independent copy of {;}icz, the second conditional expectation of the

() }, that is

last display stay unchanged if we replace {fl_j, §1-(j+1), } by {51 j,fl (j41)°

Uj—Uij—1 =E[Uil&, - ,&—] —E [Ul(j [SPREE ,51—(]‘—1)}

Since U; U) i independent of £;_; (it depends no longer on &;_; but on fy_) j), the variable & _;
can be added in the conditioning part without changing the expression,

Uj—Uj1=E [Ul - Ul(j)\&, e ,51,]} )
Now, using Jensen’s inequality, we get
E (U1 - Ury1 ] <E[|vr - P[]
Using the stationarity of {U,} we obtain
vp (Urj = Urj-1) < Vjp,

which concludes the proof. O
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C.5 Proof of Lemma [B.5l

~ ~

We now study the concentration of #(u,v) and 6(u,v)/0(u,v).

Lemma B.5. Assume the conditions of Theorem hold true. Let u,v € J, u <t < w, be
fized points such that A/2 < |u—v| < A and let

m = m() =8 (2va + V() VR (V.
For any k > 0, define the probabilities
g (u, vy k) =P [5(%1}) > (1+ n)@(u,v)] . po (u,v3k) =P [é\(u,v) < (1 —=k)0(u, v)} .
Then, for any n such that ng < n < 1, we have

P (’9\(%1)) — 0(u, v)‘ > 77) < &

SN2 + bexp (—eNnQ),

where b is a universal constant, and a and ¢ are two positive constants depending on the
dependence measure and the bound of the fourth-order moment of X (u). Moreover, for any
K such that ny < kK6(u,v) < 1, we have:

92H+2

= NAZLIAM

¢
2Ht+2

max [pg(u, U; k), Dy (u, v; E)] + bexp ( NRZL;LA‘lHt).

~

Proof of Lemma[B.5. We write 6(u,v) — 6(u,v) as the sum of a bias term and a centered
stochastic term :

é\(u,v) —0(u,v) = ;fiv: Zn(u,v) + {IE (HA(U, v)) - G(U,U)} , u,v € J,

n=1

where Z, = Zy(u,0) = (Xa(u) ~ a(v)) B (Xa(w) - Ka(v)

Bounds for the bias term. Since {X,,} is stationary and the sequence
{Cn - (anTmla cee 7Tn,Mn’5n,17 cee 75n,Mn)7 n Z 1}7
are i.i.d. (see (HZ2), (H3), (H4) and (HB)), the process {X,} is stationary and we thus have
E [6(u,0)] = 0(u, v) = 2E[{Gn(u) = Gu(0) HXn(w) = X (0)}] + E [{Gu(u) = Ga(0)}].

where Gp,(u) = X, (1) — Xp(u). By Assumption (D) and the inequality (z+)? < 2(z2+y?),
we get E [{G(u) — Gn(v)}?] < 4R2(X) < 4BA™T. Cauchy-Schwarz inequality then implies

‘E {@\(u, v)} — 0(u, v)‘ <mp/2. (C.3)

Concentration bounds for the stochastic term. Recall that, for any N > 1, the finite
sequence {(p,1 <n < N}isiid. and this implies that the finite sequence {)Z'n, 1<n<N}
is also stationary. We now complete these finite sequences to infinite ones, {(,,n € Z} and
{)?n, n € Z}, by generating independent M,, from the same distribution as My, ..., My, and
independent copies (T,1,€n1);-- -, (Tn,M,s€n,n,) of (T,¢), for any n ¢ {1,...,N}. By the
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definition (A.2) and using the MA representation of {X,,}, see in Definition we can
rewrite X, as,

_ M, My,
Xn(u) = Wh Z(U)Xn(Tn z) + ZWn z(u)U(Tn z) i
i=1 k=1

M,
= Z Wi () f (€ns €nts - ) (Tni) + ) Wa,i(w)o (Tni)en,

1 i=1
((<m§n) (Cn—lvfn—l) )

with {(Cn,&n)} an ii.d. sequence in the measurable space S =N*x {Um>1[0,1]™ x R™} x S
and g : S — H is some measurable function. Then a coupled version of X, (u) is

X(m Zan nm n,i +Zan nz>5n17 m > 1.

From this and , a constant C' exists such that | X m)( ) — Xn(uw)] < C|| Xn — Xflm)Hoo.
According to Deﬁmtlon m the sequence is L* — m—approximable. Lemma then entails
that the sequence {Z,} = {Z,(u,v)} is L? — m—approximable. Let v, 2 = vo(Zy — Zr(nm))
be its dependence coefficient, where Zq(nm) is the associated coupled version of Z,,. Using
Cauchy-Schwartz inequality, we get

s () (- 1)
o0

Since {X,} satisfies (HT), o(-) is bounded and (D) guarantees v4(e) < oo, we necessarily
have v4(|| Xnllo) < C, for some constant C independent of n. Finally, since v4(|| Xy, —

xm lloo) = O(1/m®) with a > 3/2, the dependence coefficient of {Z,,} satisfies the condition

V=Yoo, 1/313 < 00, which will allow us to apply Lemma [B.4l More precisely, in view of

(C.3)), we deduce that Vn € (no, 1),

N
P <§(u,v) —0(u,v) > 77) <P (&;Zn > n/2> .

Applying then Nagaev-type inequality from Lemma, we get

4co (V3 + V%(Zl))
Nn?

+ 2exp (—

P (é\(u, v) — 0(u,v) > 17) < + ¢y exp (—%NU2)

2 2 2
N < —=+b —eNn“),
where a = 4cp (V¥ +13(Z1)), b = ¢4+ 2 and ¢ = min (co/(40%), 02/(41/2(Z1))). Moreover, by
and (A.5) we have
O(u,v) > |u—v|*"L2/2 > 0.
This implies 6(u,v) > ng, provided X is sufficiently large, and k > 0 exists such that ny <
k0(u,v) < 1. We can then consider n = kf(u,v) in Lemma and deduce

pg(u,v;k) =P <§(u,v) > (1+ ﬁ)@(u,u)) < m + bexp (—QNIQ292(U, v)),
24Ht+2a

¢ 274 AAH.
§W+66XP<—WN/{ LiA t).

Similar arguments apply for bounding p (u,v; x). The proof of Lemma is thus complete.
O
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D Proofs of the concentration bounds for regularity estima-
tors: differentiable case

The proofs below are using conditions and . In order to hold with local polynomials,
condition requires to modify the smoother, for instance to set it equal to zero, when the
smallest eigenvalue of the design matrix used to define it is too close to zero, see (Tsybakov,
2009, equation (1.66) and Assumption (LP), page 37). Under our assumptions, the probability
of the event of the smallest eigenvalue close to zero is exponentially small. See|Golovkine et al.
(2022). For simplicity, we omit exponentially small probability events and assume holds
true.

Let us recall, for d > 1, A < Ay and t1,t2,t3 € J such that t3 —t; = A and ty =t =
(t1 + t3)/2, the proxy values of Hg; and L?Lt are

_ log(fa(ts, t3)) — log(fa(t1, t2))

E’d’t - ﬁd(A) 21log(2) ’

_04(t1,t3)

~ ~ 2
Lis=L(D) = =S5y, > where  fa(u,v) =E [(VdX(u) —VdX(v)> ] .

—~——

Moreover, given a presmoothing estimator V94X, (u) of V¢X,,(u), for u € J, the estimators
of Hy; and Lﬁt are defined as

L log B4(t1, ts) — log B4(t1, o)
Hay = Has(A) = 2log(2) ’

_ 04 (t1,t3)

N
N 1 — — 2
d —
TR where Gd(u,v)—N E (V X (w) Van(v)>

n=1

L?j,t = L?i,t(A)

In the following we prove several lemmas devoted to the case of differentiable sample paths.

Lemma D.1. Assume that the Conditions of Proposition[A.1] above are satisfied. Letu,v € J,
u <t <w, be fized points such that A/2 < |u —v| <A < Aso and, for anyd=1,...,6, let

N = na(A) =8 (2\/@+ \/Rz,d()\)> \/Rz,d()\),
and, for any k > 0,
Py (u,v;K) = P[é\d(u,v) > (14 /{)Gd(u,v)] . Py (u,vik) = P[éd(u, v)< (1= kK)04(u,v)| .
For any n such that ng <n < 1,
P <‘§d(u,v) - Gd(u,v)‘ > 17) < NL:;Q + bexp (fedNnQ), d=1,...,0,

where b is some universal constant, and ag and eq are two positive constants determined by
the dependence measure. Moreover, for any k such that ng < kg(u,v) < 1, we have:

94Ha+2q

¢d 274 A4dH

max [p (u, v; k), py (u, v; k)] T QdH 42

d=1,....0.
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Proof of Lemma[D.1]. Following the lines of the proof of Lemma we can rewrite gd(u, v)—
04(u,v) as the sum of a zero mean stochastic term and a bias term,

N
gd(u v) — Og(u,v) ! ZZn,d (u,v) {IE [/H\d(u,v)} - Qd(u,v)},
n:l
where, for any n=1,..., N,

’

Za = Znalu,v) = (Van(u) - Van(v)) ) (Van(u) - Van(v)) .
Bounds for the bias term. Since {X,,} is stationary and the sequence

{C-n == (MnaTn,lv o 7Tn,Mn7€n,1a o 75n,Mn)7n Z ]-}

is i.i.d. (see assumptlons and (@%I) the processes {%( } 1<d<9d, are

also stationary, and thus

E |Ba(u,v)| = 0a(u,v) = 2B [{Gpa(u) = G a()} { V' Xnlu) = VIXn(0)
+ E [{Gn?d(u) — Gn,d(v)}z] s
where Gy, 4(u) = @)/(n(u) — VX, (u). Since (z 4 y)? < 2(2% 4+ 3?), by Assumption , we

get
E [{Gn.a(u) = Gna(v)}?] < 4Rz q(N).

Cauchy-Schwarz inequality then implies
’]E [@\d(u,v)] - Hd(u,v)’ < ngq/2. (D.1)

Concentration bounds for the stochastic term. Recall that, for any N > 1, the finite

sequence {(,,1 <n < N}isiid. and this implies that the finite sequence {V4X,,1 <n < N}
is also stationary. We now complete these finite sequences to infinite ones, {(,,n € Z} and

{%n, n € Z}, by generating independent M,, from the same distribution as My,..., My,
and independent copies (T5,1,¢n.1), -, (T, M., En,m,) of (T,€), for any n & {1,...,N}. By
the definition (A.13) and using the MA representation of {X,}, see in Definition we

can rewrite V4X,, as,

My,
%(n(u) = ZW:,? ZW d) nz)gn i

=1
ZW(d £n>£n 17--- nz +Z nz)Enu
= 4d ((Cmfn)a(Cn—lyfn—l)a---)

where {(Cn,&n)} are ii.d. in the measurable space & = N* x {Um>1[0 1™ x R™} x S and

ga : 8 — H is a measurable function. Then a coupled version of VdX (u) is

vdX Z nz +ZW nz 5nza m > 1.
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A consequence is that

(m)

VIX, () — VX, (1)] < e[| X — X ||,

according to Assumption (Dp|). By Deﬁnition the sequence is then L* —m—approximable.
Lemma then entails that the sequence {Z, 4} is L? — m—approximable. Let

Um,2 = V2 (Zm,d - anmﬁ) 3

(m)

be its dependence coefficient, where Z "/ is the associated coupled version of Z,, 4. Using
Cauchy-Schwartz inequality and the stationary, we get

s 8 ([T o[58 ).

Since {%(n} satisfies , {X,} satisfies (@ﬂ}, o(-) is bounded and |E) guarantees
v4(e) < oo, we necessarily have u4(||€gj(m\|oo) < C, for some constant C' independent of
n. Finally, since by our conditions vy (|| X, — x4m lloc) = O(1/m®) with a > 3/2, the depen-
dence coefficient of {Z,, 4} satisfies the following condition

m=1

and thus allows us to apply Lemma above. More precisely, using (D.1f), we first get

N
P <§d(u, v) — 04(u,v) > 77) <P (;7; Znpd > n/2> .

Applying next Lemma for any n € (ng4,1), we get

4co (1/3 + y%(Zl,d))
Nn?

+ 2exp (—

P (é\d(u, v) — Oq(u,v) > 77) < + ¢4 exp (—%NU2>

C2 2 ad 2
———N < —=+b —egN
w2z ) <NE T exp (—eaNn?),
where ag = 4ep (V3 +13(Z1,4)), b = ¢4 + 2 and ¢q = min (c2/(4°), c2/(4v3(Z1,4))). Using
(6b) (with L?“ = E{VIX(t)}?] and Ayo = Asp when d < §; see also the proof of Lemma
A.1]), and the condition (A.14)), we get

Oa(u,v) > |u— v|2Hd’tL37t/2 > 0.

We thus get that ng < 04(u,v), for a sufficiently large A, values x € (0,1) exist such that
ng < kb4(u,v). We can then consider n = ky(u,v) in the Nagaev-type inequality and deduce

aq
Nk262(u,v)
24Hd,t+2

py (u,v; K)P (é\d(u, v) > (1 4+ k)84(u, v)) + bexp (—edNﬁQG?l(u, v))

aq

274 A4H,
SW—FbeXp( WNHL A d).

Similar arguments apply for bounding p; (u,v; ). The proof of Lemma Sis now complete.
O
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In view of the proof of Lemma S[A ] let us define

Ba=1/2 if d<d—2, and fs,=H, (D.2)
2 d+1 2 _
13, =B | (VX)) | € [ager,aan], 1<d<0-1, (D.3)
and
5322\/ad+1\/6d+2 + aq+2, if d<é—2, and Sg_l:2\/ad+1\/f2+5§+f2+5§.
(D.4)

Lemma D.2. 1. For any ¢ € (0,1) and 0 < A < Ao such that

L3, log(2)
G

with By, L?i,t and Sﬁ in (D.2), (D.3) and (D.4)), respectively, then

A%ag? < V1<d<y,

‘ﬁd,t - Hd,t‘ <¢/2, V1I<d<6.

2. Let 1 <d <4, and let H € (0,1] such that |H — Hqy| < ¢ < 1. For any ¢ € (0,1) and
0 <A < Asp such that SﬁAQﬁd*z‘p < /3, we have

Oa(tr,t3) — Lg A ae
AZH

< /3.

Proof of Lemma[D.3 1. Let 1 < d < § be a fixed integer. From the proof of Lemma S[A T|and
condition ((A.11]), we can rewrite 64(u,v), with u,v € t—A/2,t+A/2] C [t—As0/2,t+A50/2]
as

au,v) = L3 Ju— v[22(1 + pa(u,v).

(S4.t/Lay)® A%P4. Since our conditions imply AQﬂdS?l’t < L?l’t log(2)/4, we
1/2. Using the fact that z — log(1 + ) is Lipschitz for z € (—1/2, 4+00),

where | pg(u,v)|
deduce |pg(u,v)|
we get:

<
<

_ |log(1 + pa(t1,t3)) — log(1 + pa(ts, t2))|
N log(2)
|pa(ts, t3)| + |palts, t2)|
log(2)

< Zd ) A268a
~ log(2) <Ld,t

|Hgt — Hat

We then deduce from the condition on ¢ that |I§d7t — Hgl < /2.
2. By condition (ATI), if A2Pa=2052 < 4/3, we get

6d(t1, tg) — L?l tAQHd’t
A2H

< 83A26d+2(Hd,t_H) < S§A25d—2<.0 </3.
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Lemma D.3. Assume that the conditions of Proposition hold true. For anyd € {1,...,0},
there exists a universal positive constant b, and positive constants fq4 and gq depending on de-
pendence measure such that the following inequality holds:

fa

m + 4b exp (—ng¢2A4Hd’t) .

P (‘ﬁd,t — Hgy| > 90) <

Proof of Lemma[D.3 According to condition (A.14)) and Lemma S we have that |I§d,t -
Hgt| < ¢/2. It then follows that,

~

P(’ﬁd,t —Hgi| > ) <P (’ﬁd,t - E[d,t’ > 90/2>
Oa(t1,t3) O0q(t1,t2)

S P ( 6d(t1,t3) é\d(tla t2) ~ S010&2(2))

<P Oa(t1, t3) ?\d(tlatZ) S o) 4p Ba(t1, t3) gd(tlatQ) prey
Oa(t,t3) O4(ty, t2) Oa(t1,t3) G4(t1,t2)

log

By simple algebra and the definition of the functions pj and p; introduced in Lemma S
we get:

P(|Hyy — Haz| > ) < pf(t1, 1352972 = 1) + py (t1, 13,1 — 279/2)
+ py (t1, te; 2¢/2 1) +py (1, t2;1 — 279/%), (D.5)

provided that ng(\) < [2¥9/2 — 1|64(u,v) < 1 which is guaranteed by condition (A.15)) with
Cq = 5B~ Y2(2/a@g + vVB) 'log(2)/2'1/2. To see this, first note that for any ¢ € (0,1),
[252/2 — 1] < plog(2)/2"/2. Thus, by (A1) and (A.14), we have

120/2 _ 1|0,(u,v) < (5 10g(2)/25/2) pL3, A <1 as A0

Second, lEE) entails that ny(\) < 8 <2/671 + \/E) BY/2)\=7/2 Gathering the two bounds, we
obtain

-1
A2 < (531/2 (2\/@ + \/E) log(2) /2“/2> QL% AMaz,
which is exactly the condition (A.15)). Now, with t; = t5 or t; = t3, we have

24Hd,t+2ad

+ 99/2 1) <
pd (tlatkv 2 1) = N(2<p/2 . 1)2L3tA4Hd’t

+ bexp (—#N(gwﬂ — 1)2L37tA4Hd,t) .

Since logz < z — 1 for any z > 0, we get log(2¥/2) < 2¢/2 — 1. We obtain,

241 tq,/log(2)? b _eqlog(2)?
N(,OQLé tA4Hd’t exp 94H g +4

Pyt ;2977 = 1) < NgoQLﬁ’tA‘lHd’t) .

Setting g = 2474476q,/(log(2)2L4 ) and gq = L4, log(2)?/24Ha: 4 we finally get:

fa/4

+ . 2
V25 (tlatkaQW -1 < m

+ bexp (—ngchA‘lHd’t).

The same reasoning can be applied to bound the other three terms on the right-hand side of
(D.5). See also the arguments used in the proof of Theorem |A.1 O
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Proof of Proposition[A.1 Note that:

P(|a — il > ) <P (1 — | > 0,0 =) + P (3 #0)

P ((ﬁ&t - H&t] >¢) +P(3<38)+PE>0)

(=%}
[y

< P(‘f[&t —H(;,t‘ > <,0> n P(ﬁd,t <1 —g@) 4P (flm > 1 —¢)
d=0

s
< Z]P (‘Hd,t _Hd,t’ > 80) +P OH‘” - H(S,t’ >1—Hsy — 90) .
d=0

For the last inequality we use the fact that, for d < § we have Hy; = 1, while Hs; < 1. Since
1 — Hs; > 2¢ for sufficiently large A, repeatedly applying Lemma S[D.3] we have

P(a, — i > p(N) < —°

>~ W + 4b exp (*495N902A4H5*t)

+ Z 2A4Hd + 4b exp (—ng<p2A4Hdvt)

Setting f = max{fo,...,fs} and g = min{go,...,gs}, after changing 4b to b, we get:

f

m + bexp (—chpQA4)] .

P(1ar — ar] > ) < <2+6>[

O

Proof of Proposition[A.9 First, we may rewrite Eit - Lit as the sum of three terms such
that:

-~ ) ’é\d(tl,ti’;) - 9d(t1,t3)’ ‘ed(tlatii) — L3 A%
‘Ld’t B Ld’t’ = A2Hq t A20,

-y ‘1 _ A2Ha=2Ma]

It then follows that,

P (‘Zit — L?l,t‘ > '(/}) < P (‘ﬁd,t - Hd,t‘ < P

Eﬁ,t - L?l,t‘ > 1/’) +P (‘ﬁd,t — Hd,t‘ > 90) .

On the event ‘]TIW — Hd7t‘ < ¢, using (A.16) and Lemma S)D.2| we get

|0a(ty, t3) — L3 ,A%H4|

AZﬁd S 1/]/3

Furthermore, the function x € [—¢, p] — A?® is Lipschitz. Consequently we get,

3,1 — A2Ha2Ha) < /3,
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provided ’]?Id,t — Hd,t’ < ¢ and condition (A.17)) holds true. We then deduce that,

= ~ Bult1,t3) — O4(t1,t
P (|13, - L3, > v) gP(‘Hd,t—Hd’t’ < o falts izﬁdf(l 3)| >¢/3>

+P (‘ﬁd,t - Hd,t‘ > 90) )
Oa(t1, t3) — Oa(t1, t3)‘ > A21er€l”f+2w¢/‘3>)
+P (‘ﬁd,t - Hdﬂf‘ > @) )

<P (’/H\d(tl,tg,) — Hd(tl,tig)‘ > AQHdvt”%/?,) +P (‘fld,t - Hd,t’ > (p) )

<P (‘ﬁd,t — Hd,t‘ < p,

The second probability of the right-hand side of the last inequality can be bounded us-
ing Lemma S and the first probability using Lemma S provided that ng(\) <
A2?Ha+2¢q) /3 < 1 which is guaranteed by condition with Cy = B~Y/2(2/@g+vB)~'/(3x
23). In fact, note that the Assumption implies that

() <8 (2@ +VB) B2,
and hence
A2 < BTYV2(2y/a, +VB) /(3 x 22)A% YA <1 as A 0.

Proposition then follows:

~ ¢4
P (‘Lz,t — L?l,t‘ > 1/]) < W + beXp (—[dN¢2A4Hd+4S@)
fa 2 A 4H,
+ 7N¢2A4Hd + 4b exp (—nggp A d),
where ¢; = 9a4 and 5 = ¢4/9. O

E Adaptive estimation

E.1 Technical lemmas

Let X be a generic random function having the stationary distribution of {X,}. Let E,(-)=
E(- | Mpy{Ths,1 < @ < My}, Xy) and Eppr(c) = E(- [ My {Thi,1 <i <My}, 1<n<N).
Below, ‘wrt’ is the abbreviation for ‘with respect to’. We consider the decomposition )/fn (t;h)—
Xn(t) = Bn(t;h) + Vo (t; h), t € I, into a bias term and a stochastic term, where

By(t;h) = E, [)?n(t; h)] — Xp(t) and  Vp(t;h) = Xn(t;h) — E, [)?n(t; h)} .

By construction due to (H4) and (HB), Vn # n', Earg{Vi(t; h)] =0, Eara{Va(t; h) Vi (5 h)] =
0, Exsr[Vi(t; R)By(t; h)] = 0 and Ep (Vi (¢ h) B,y (t;h)] = 0. The following result studies
{Bn(t;h)} and {V,,(t; h)}. Here, {B,(t; h)} is a short notation for { By, (t;h),1 <n < N}, and
the same rule is used for {V,,(¢t;h)} and {M,}, while {7}, ;} means {T,;,1 <n < N,1 <i<
M, }. Below, X(H, L;J) is the class from Definition

Lemma E.1. Assume that X € X(H,L:J) and let X,(t;h) be defined as in ). Assume

to @, (@ and (@/ hold true. Then :
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1. {By,(t;h)} and {V,,(t;h)} are conditionally independent given {M,} and {T,;} ;
2. {Vp(t; h)} are conditionally independent given {My} and {T,,;} ;

3. Enmr [V2(t:h)] < {1+ 0(1)}o?(t) maxi<i<pr, Whi(t; h), with o(1) uniform with respect
toh € Hy;

4. Enrp [BA(t h)] < LER2Heby (t; b, 2H,) {1+ 0(1)}, with o(1) uniform with respect to t € I
and h € Hy ;

Lemma E.2. The assumptions (HI]) to (HY), and (HY) to (H11) hold true.
1. For allt € (0,1), and h € Hn

1 —exp (—Mp(t; h)) < E[r(t; h)|M;1] < 1—exp(—2Mp(t;h))  a.s.

2. There exists two constants Qu and éu such that for all h € Hy,

E[Py (t; )]

Cull 4o} = i

S Eﬂ{l + 0(1)}7

and Py (t; h) = E[Pn(t; h)|[{1 + op(1)}, with o(1) and op(1) uniform wrt h € Hy.
3. Moreover if holds, constants C., and 67 exist such that Vh € Hy,

E[Pn(s,t;h)]
(N — £)min(1, (\h)?)

and Py (s, t;h) = E[Py (s, t; h)[{1 + op(1)}, with o(1) and op(1) uniform wrt h € H.
Lemma E.3. If assumptions to (H7) and hold true, 52(t) = o%(t){1 + op(1)}.
Lemma E.4. The assumptions (H1|) to (@E), and @ to hold true. Then, VN > 1,

0 < max Wy ;(t;h) < Spw(h)min (1, (AR) 1), 1<n <N,

n,t

C{l+o(1)} < < Cy{l+o(1)},

where Sy, w(h) > 1 is a random variable with the mean and the variance bounded by constants.
Moreover, the variables { Sy w(h),1 <n < N} are independent.

Lemma E.5. The assumptions to @, (@) for p > 8, and (@3} hold. For each
h € Hy, let {m,(h),n > 1} be i.i.d. Bernoulli variables independent of {X,,n € Z}. Then,

Ve I, NV mu(h)X2(t) = E [m(R)X2()] {1 + op(1)} uniformly wrt h € Hy.

E.2 Mean function: risk bound, rates of convergence, asymptotic normality

Lemma E.6. Under the assumptions to (@), (@) and (@), we have
Exrr [{Ain(t:h) — p(6))?] < 2Ru(:m) {1+ 0(1)),
with o(1) uniform wrt h € Hy and
R, (t;h) = LIR*HB(t; b, 2Hy) + 0> (t)V,u(t; k) + Dy(t; k) /Py (t; ).
Lemma E.7. The assumptions (HI|) to (@]), (@3}, , @ hold true. Let

R,(t;h) = L2n2HeB (¢ b, 20, + G2tV ,u(t; k) + Dy(t; k) /Py (t; ).

Then suppey ﬁu(t; h)/Ru(t;h) =14 op(1).
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Proof of Theorem 3.3 rates of convergence. We recall that
R (t;h) = L2h2HB(t; b, 2H,) + 62()V,u(t; h) + Dy (t; h) /Py (£ ).

Let us define H; y = {h € Hy,Ah < C} and Hon = {h € Hn, AR > C}, for some C > 1.
Thus, we have Hy = Hi,ny UHa n. Over the set Hq n, we simply recall | Inax Whi(t;h) <1,
<i<My

for any h € Hi . Over the set Ha n, Lemma implies

min -1 ol
Vu(t;h) < ]SV(?Z)) )>< PN(lt; h);::ﬂn(t;h)sn,w(h%

1{S(Mn,t,h) > 0}
S(My,t,h)

with Sy, w(h) = max {1, (A2 (| K|lec/T)snw(R)}, spwi(h) =

and S(M,,t, h) the integer-valued variable, non-decreasing as function of h, which counts the
number of points in [t — h,t + h|. Since, for a > 0 we have max{1,a} < 1+ a, we study

N
Z 7Tn(t; h)sn,W Z Sn W
n=1 n=1

The equality is the consequence of the fact that, by definition, 1{S(M,,t,h) > 0}m,(t;h) =
1{S(M,,t,h) > 0}. By the calculations provided in the proof of Lemma

ciw/(AR) < Elspw(h)] < cow/(Ah) and  Var(spw(h)) < E [s2(h)] < cjy/(AR)?,

where ¢y w, co,w and c’W are positive constants depending only on C, Cg: Cg, € and ¢. Moreover,
{sn,w(h),n > 1} is a sequence of independent variables, bounded by 1. Applying Bernstein’s
inequality (see Vershynin, 2018, Theorem 1.8.4) for each h € Hy 2, we deduce that Ve > 0, a
constant C > 0 exists, depending on €, C, cow and ¢, such that

( anw > E[sp,w(h)] —i—e) <exp(—CcN).

Using next Boole’s (union bound) inequality, at the price of a logarithmic term in the ex-
ponential, we get a uniform over Hg y exponential bound for the upper tail probability of
N1 zgzl sp,w(h). By Lemma we deduce that a constant ¢ > 0 exists such that

N

sup ——— Tn(t; h)Snw(h) < ¢+ op(1),
S Py 2 WS () < et oe(1)

and thus
V,(t;h) < min (1, (AR) ™) x {Pn(t;h)} " x {c+op(1)}, (E.1)

uniformly over Hpy. According to @ , Zf = L?{1 + op(1)}. Moreover, by Lemma

p2H: — h2Ht{1 4 op(1)} uniformly over the grid Hy, and, by Lemma a2(t) = o?(t){1 +
op(1)}. From these, and simply bounding B(¢; h, &) by 1, we get

min (1, (Ah)™1) D, (t;h)

Ru(ts h) < LR+ 0p(1)} + o (){e + 0p (D} —p =25+ 5

uniformly over % y. By Lemma [E.2| we have

1 -1

< “p
Pn(t;h) — N min(1, \h)

{1 + OP(l)}7
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and
min (1, (AR)~! min (1, (Ah)~? C’_1
(L OW7T)  graminlL A0 ) |y =
Py (t; h) # Nmin(1, \h) N)\h
with the op(1) uniform with respect to h € Hy. Gathering facts, we get

R, (t;h) = Op {h** 1 (NAR) ™1 4 N71).

(MW},

The right-hand side is minimized by h with the rate (NA)~Y/{2H:+1} The rate for convergence
of iy (t) — p(t) is obtaining by replacing the optimal bandwidth in the risk bound. Indeed, if
N2t <« N (sparse case), we get (NX)~2He/Q2Hit1} 5 N=1and %, (t) — p(t) converges at the
rate Op((NX)~He/{2H+1}) " which is slower than Op(N~1/2). Meanwhile, if A2t > N (dense
case), we have (NX)~2Ht/{2Hi+1} « N=1 and the rate of convergence of fi%,(t) — u(t) is given
by {D,(t;h)/Pn(t; h)}/2, which in this case leads to the parametric rate Op(N~1/2). O

Proof of the Theorem[34. Let Jix(t;h) = {Pn(t; h)} " SON_ | 7, (t; h) X (t). Then,
pn(th) — p(t) = {un (s h) — pn(Eh) Y + {an (s h) — p(t)} =: Gri(t; h) + Ga(t; h).

Convergence of Gna(t;h). Given the indicators m,(t;h), n > 1, we use the CTL given
in Wu| (2011, Theorem 3) under predictive dependence. That result can be applied because,
on the one hand, Wu (2005, Theorem 1) states that the functional (also called physical
dependence) implies the predictive dependence, and, on the other hand, (Chen and Song
(2015, Lemma 1) show that the LLP — m-approximation implies the functional dependence.
Then conditionally on {M,,,T,;,1 <i < M,,1 <n < N} such that Py(t;h) = oo and

N
Snu(t) = Varysr (m Z Tt ) { X (1) — u(t)}) ,

has a limit in (0, 00), we have

VPVt )/Sx (1) Galt) -5 N (0,1). (B.2)

Convergence of Gy (t;h). Using and , we consider the decomposition

N N

Gni(t;h) = Z Fn(g;z)éﬁ)t; h) - Z Wn(;zzzn}f)t; h) = By (t;h) + Vn(t; h),

n=1 n=1

where
My,
= Wit W{Xn(Tns) — Xu(t)} and Vi (t;h) Zanth Ti)eni-

1=1

We learn from the proof of Theorem that any bandwidth sequence hy with a faster
decrease than (N )\)*1/ 2H+1) makes By negligible with respect to V. This happens under
the condition hy(NA)Y/CH+D) 5 0. We thus only have to study Vi (t;h). We can write

{1+0 1+ o(h)
Vn(t;h n(tih) Y Whi(tih)en =1 ——=——== X Un(t; h).
(1) = Zw Z SO cun(ish)

By Lyapunov CLT for independent variables, conditionally given the M, and {1}, ;,1 < i <
My}, 1< n < N, we have Ay(t; hN)—1/2uN(t; hy) —% N(0,1) with

An(t;hy) = PNthN anthNZ St h).
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This implies that for any sequence Ay (¢; hy) which convergences to 3(t), we get

Enr [exp {—iu\/PN(t; hn) Vn(t; hN)H — exp(—u?X(t)/2), Vu € R. (E.3)

Note that Epz7[-- -] on the left hand side is a bounded sequence of random variables. Since
An(t;hn) —2(t) = op(1), and the convergence in probability is characterized by the fact that
every sub-sequence has a further sub-sequence which convergences almost surely, we deduce
that the convergence in holds in probability. By the Dominated Convergence Theorem
for a sequence of bounded random variables convergent in probability, we get

E [exp {—iu\/PN(t; hv) Vv (t; hN)}] —s exp(—u2D(t)/2),  VueR,
which means J
VPN (thy) Vn(thy) — N (0,2(2)) - (E.4)
By (HB5), Gn2(t) and Vi (t; hy) are independent. From this, (E.2) and , we get

VPN () {Vn(E ) + Gaa(t)} =5 N (0,3(8) + Su(t) .

By Lemmas and [E.4] 3(t) = 0 if Aoy — oo, and X(t) = o2(t) if Ahy — 0.
Let us note that,

N-1

Swu(t) = E [{Xo(t) — p(t)}?] +2 Y E{Xo(t) — n(t)HXe(t) — n(t)}]

(=1

Pno(t,t; h)
Pn(t;h)

with Py (s, t;h) defined in (2.2.2). It is easy to show that the conditional distribution of
Tn(t; h)mpae(t; h) given Py (t; h) is the Bernoulli distribution of success probability parameter
Py(t;h)(Py(t;h) — 1){N(N — 1)} 1. We then get

E [Snu(t) | Pn(t; h)] =E [{Xo(t) — p(t)}?]
Py(t;h) — 1= N—¢

Ni_l— E [{Xo(t) — p(t) H{X(t) — p(t)}] ——-

2
+ N
(=1

Using the Dominated Convergence Theorem, we get E [Sy () | Pn(t; h)] — Su(t), in proba-
bility. Lemma then implies that a constants C, C exist such that

E[{Xo(t) — u(t)}?] +2Cmin(1, Ak) S E[{Xo(t) — pu(t)}{Xe(t) — pu(1)}] < S,(0)

>1
< B[{Xo(t) — u(t)}?] + 20 min(1, \b) S E[{Xo(t) — () HX(t) — pu(t)}].
>1
In particular, this means S, (t) = Var(X(¢)) provided Ahy — 0. O

E.3 Autocovariance estimator: risk bounds and rates of convergence

Lemma E.8. Under the assumptions to (@), (@]} for p > 8, @ to (H11), and
H15) we have Epp [{’y\N,g(s,t; h) — w(s,t)}?} < 2R, (s,t;h){1 4+ op(1)}, with op(1) uniform
with respect to h € Hy and R, (s,t; h) defined in (2.2.2).
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Proof of Theorem 3.5 By construction, B(t|s; h, o, ¢') < 1. Lemma entails
max {V, (s, t; 1), Vye(s,t;h)} < {1+ op(1)}Cy min (1, ()\h)_l) /Pny(s,t;h),
with op(1) independent of h. See also the arguments used for . By similar arguments
V,y(s,t;h) < {1+ op(1)}Cfiy min (1, (Ah)™2) /P (s, t; h),
uniformly with respect to h. Next, from Lemma we get

min {1, (A\k) "1} _ min {1, (A\k) "1} " min{1, (Ah)?} " E[Pn (s, t; h)]
Py (s, t; h) min{1, (Ah)?} E[Pn (s, t; h)] Py y(s,t;h)
< CL1 x [Nmin {\h, (AR)*}] 7! x {1 + op(1)}. (E.5)

By similar calculations,
{Pre(s,t;h)} " x min {1, (AR) 72} < €' x [Nmin {1, (Ah)*}] 7" x {1+ 0p(1)},  (E.6)
with op(1) terms uniform with respect to h € Hy. Moreover, again using Lemma we get
{Po(s,t; )} < CTM N min {1, (AR)*}]71 x {1+ 0p(1)}, (E.7)

uniformly with respect to h € Hy.

Let us now recall that from @i we have Z% = L?{1 + op(1)}, uniformly over h € Hyx.
Moreover, following the lines of the proof of Lemma we have b2t = p2He {1 4+ op(1)}

uniformly over the grid . Finally, Lemma establishes that 52(t) = o2(t){1 + op(1)}
uniformly. Therefore, R, (s,t;h) = Ry(s,t;h){1 + op(1)}, uniformly over h € Hy, with

R, (s,t; h) defined in (2.2.2). Gathering facts, and using equations (E.5), (E.6) and (E.7)), we
get

Ry(s,t;h) = Op(h*0) 4 {N min(Ah, (Ah)?)} ™" + {N min(1, (AR)*)} ), (E-8)
where H(s,t) = min(Hg, H;). The right-hand side of (E.§|) is minimized by a bandwidth

h: o~ max{(NA?)~VEHEOH2} (N )) -1/ 2HOF28) - Pinally, by replacing this rate in the
equation (E.8) we have the following rate of convergence

__ H(s,t) __H(s)t) 1
Tv,as, t:12) = ve(s,t) = Op ((NA2> 2T 4 (NA) 20T 4 N /2> '

F Proof of technical lemmas for adaptive estimation

In this section, we prove the technical lemmas stated in Appendix [E] of the main manuscript.
For the sake of readability, we reproduce each of the statements (with the labels as used in
the main manuscript) before providing the proof.

F.1 Technical Lemmas

Proof of Lemma[E. 1l By definition, we have
M, My,
Bu(t;h) =Y Wit W {Xn(Tni) — Xa(t)}  and  Va(th) =Y eniWailt; ).
i=1 i=1
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Direct consequence of the definitions and assumption (H?5|).
Direct consequence of the definitions and assumption (H4J).

3) By elementary calculations and (H4), and since |02(Ty ;) — 0%(t)| < Lo|Tp; — t| for
some L, > 0, uniformly with respect to h, we have

Evr [V, ZW2 t1)o*(Tg) < {1+ o(1)}o™ () max Wai(tih).

4)) By Jensen’s inequality,

Then condition implies

Mn
By [BA(61)] < L3S Wit )| T — 27 x {1+ 12783 /12
=1

= LER2b (8 b, 2Hy) x {14+ W20 53/ L2}
Moreover, for any ¢t € I and h € Hy, by (H9) we get
0 < h2P082 /L2 < (maxHy)> S2/L — 0.

The statement then follows. ]

Proof of Lemma[E"2 (1)) Since {T;,;} are independent by (H3|), we have

t+h
Blm(k WM =1~ (1= p(E W)™, with pltih) = [ glw)du.
t—h
We remark that, using the Holder continuity of ¢ (HL11|), we obtain p(¢; h) = 2hg(t){1 + o(1)}
where o(1) converges to 0 uniformly with respect to h € Hy. Thus, for a sufficiently small
max Hy, we can assume that p(t;h) < 1/2, Vh € Hy. Using the following elementary
inequality,

—17 <log(l—u) < —u, Yue(0,1),

we deduce that for any v € (0,1/2), and for any M >0
1—exp(—Mu) <1—(1—-u)™ <1—exp(—2Mu).

Replacing u by p(t; h), the first statement follows.

)
Note that Py (¢
variables, and E[Py(¢;
exp(—cAu) < E(e M

h) = SN ma(t;h) is a sum of N independent Bernoulli random
h)] = NE[m(t; h)]. Assumption (H10]) implies that for all u € (0,1),
< exp(—cu)). Then, by above we get,

E[Py(t; h)]

1 — exp(=Ah(1 + 0(1))2¢g(t)c) < N

<1—exp(=Ah(1+0(1))29(t)c).
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If Ah > 1, the following inequality hold by (HI11]),

E[Py (t;
{1 - exp(~26,0)} (1 + o(1)) < ER] oy
If \h < 1, we remark that if C > 0, 1—e~“* > (1—e®)u for allu € (0,1) and that 1 —e™* < z
for all z € R. We deduce by (H11J),

E[Py (t; h)]

{1 —exp (—2¢,¢) } Ar(1+0(1)) < < Ah2¢4e{1 +0(1)}.

Gathering facts, the double inequality in [2) follows by setting €', = 1 — exp (—2ggg) and
6ﬂ = max(1, 2¢,¢). Next, using the left bound of this double inequality and Chernoff’s (see,
for instance, [Vershynin, 2018, Section 2.3) exponential bound, for any 0 < 7 < 1,

Py (t;h) '
(|ea ) < 2eso (opsimsnls

< 2exp (—QMT]QN min(1, A\min Hy)/3) .

Since Hy is a grid of at most (N )¢ points for some ¢ > 0, we deduce that
Pl sup
heH N

By Assumption we have that N min(1, AminHy)/log(NA) — co. We then deduce that
Py(t;h)/ IE[PN (t; h)] converges in probability to 1 uniformly over h € Hy.

' ) Let || denote the largest integer smaller than z. Note that, for a fixed ¢, we can
decompose

Pxin C -
W — 1‘ > 77) < 2(NX)“exp [—Qﬂn2N mln(l,)\mlnHN)/?’]

. . log(N )
< _ 2 _ C )
2€Xp|: len(l,)\mmHN) <Cu’l7 /3 N mi (1’)\ ; )>:|

N— 041
Pno(s, t;h) = Z (5;R)Mpye(t; h) = ZPN“sth
where
[((N—£=D)/(£+1)]
P (s, tih) = Z 7Tn’(£+1)+l(5§ h)”n'(£+1)+z+l(t§ h).
n’=0

Each Py ,(s,t; h) is a sum of independent Bernoulli random variables because, by definition
and the condition we imposed, the m,(s;h)’s, 1 < n < N, are independent. Moreover,

ElPyei(s,t;h)] = {L(N = £=1)/(€+ 1)] + 1}E[m1(s; B)]E[m14(E; b))
By arguments as used for , constants C' and C exist such that

E[Py(s,t;h)] < 1<1</?

C < N T D)0 3 D]+ 1) w0

By little algebra, summing over the integers [ between 1 and ¢ + 1, we get the first part of
the statement. For the second part, using Chernoff’s exponential bound (see, for instance,

34



Vershynin, 2018, Section 2.3) and the fact that Hy is a grid of up to (NVA)¢ points, for each
1 <1< /+1, we deduce that

Py (s, t;h) ‘
P| sup |=—=—2>——"-"——1|>
<herN E[Py.¢(s, ;) !

< 2exp [— (N —£—1)/(£+1)] min(1, (A min Hy)?)

o clog(N )
% ( 3 IIN—¢—0)J+1)] min(1,(AminHN)2)>]'

Using Assumption (H13) and summing over 1 <1 < £+1, the statement follows by elementary
algebra. O

Proof of Lemma[E.3 For any t € I,

_ 1 &
52 (t) — o2(t) = ¥ ;{Zn —EZ,} + {EZ, — 6(t)},

where Z, = {Y,i4) — Yn,it)+112/2. Thus,

P (|5°(t) — o*(t)] > 1) < Q1+ Qa,
where

N
Q1:P<ZZn—EZn|>N77/2> and QQZP(‘EZn—0—2|>77/2).

n=1

Study of Q2. Using the assumptions (H3|), (H4) and (Hb)), we have

0 < EumrZn — 0 (t) = [EyaZn — o* ()] = Exer{Xn (Thig) — Xn(Thigy1) 1 /2

1
- iEM’T [{X”(Tnvi(t)) - Xn(Tn,i(t)+1)}2[]lA + 14]]

1 _
§EM,T {Xn(Triry) — Xn (i 1)1 14] + QSEII)E (X2 (u)] P(A),
where A = {‘Tm(t) — Tn,i(t)—i—l’ <Aoo} N{Th i) Tnjir)+1 € J} with J and Agp the set and
the constant from condition in . Then constants C7 and Cy exist such that

+ C,P(A).

0<EZ, —o*(t) < CLJE [’Tn,i(t) - Tn,i(t)+1’2Ht} A

Since the T}, ;’s are independently drawn and admit a density g bounded and bounded away
from zero (H11)), it is easy to check that the bound of EZ, — o2(t) tends to zero, provided
A — 00. See also (Golovkine et al} 2022, Section F) for the moments of the spacings between
the ordered T, ;.

Study of ¢)1. By ,
Yoiry = Xn(Toiry) + 0> (Toig)Enic» 1<n<N.

The infinite sequence {X,,,n € Z} is stationary. Recall that in our setup, Tp,;, 1 < i < M,
1 < n < N is a triangular array, with Mi,..., My independent copies of M which has a
distribution which changes with IV, while the 7}, ;’s are independent copies of T" with a fixed
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distribution. Thus, for any N > 1, the finite sequence {¢, = (T, (1), Ensir))s 1 < n < N} is
ii.d., see assumptlons and . This implies that the finite sequence {Y, p 1<
n < N } is also statlonary We next complete these finite sequences to infinite ones, {Cn, n E 7}
and {Ynﬂ-(t) ,n € Z}, by generating independent M,, from the same distribution as Mj, ..., My,
and independent copies (Ty,1,€n,1), - -5 (Th My »En,m,,) of (T, €), for any n ¢ {1,..., N}. Using
the MA representation of {X,}, see in Definition we then rewrite Y, ;)

Yoit) = FEnsn1s - ) Tniry) + 0> (Tnie))ensicry = 9 ((Gnr &) (Cn-1,€n1), ), n> 1,

where {(Cn,&n),n € Z} is an i.i.d. sequence taking values in a measurable space S= {[0,1] x
R} x S and g : §* — C a measurable function. A coupled version of Y,, ;) is then

Y?fz()t) X (Ti) + 2 (D)) Enice): m>1,

and we have

Y = Y| < IXE™ = Xullo,

and deduce that {Y, ni(t), 2> 1} is L* — m—approximable. The same facts hold true for
{Yoni)+1,n = 1}. This entails that {Z,}, is L2 — m-approximable, since

1Zn = 251 <2 (IXalloo + 1 X0 o) 1XS™ = Xnlloo:
By Cauchy-Schwarz inequality and Jensen’s inequality, we get
vo (Zn = 20™) < ava((| Xalloo)vs (IXS™ = Xalloo) -

Condition (H[7) then implies

v = i V9 (Zm — anm))2/3 < 0.

m=1

Applying Nagaev’s inequality, see Lemma constants ¢ and ¢, exist such that

N 3 2
, e o\ der (VP4 1a(Zy —EZy)?)
P (;1 \Zy, — BZ,| > Nn/2> < ¢} exp (—@Nn ) + N
CQN772
2exp ( — .
aeD ( 405 (Z, — IEZn)2>

This shows that )1 tends to zero. The proof is now complete. O

Proof of Lemma|E.J). By construction, the weights of the NW estimator with a non-negative
kernel satisfy

0< min min W,;(t;h) < max max W,;(t;h) <1, VteI,heHy.
1<n<N 1<i<M,, 1<n<N 1<i<M,,
It thus remains to study more carefully the case where Ah > C for some constant C' > 0.
Using the fact that the kernel is bounded and bounded away from zero on [—1, 1], for each
1 <n < N, we have

1K o 1{S(My, 1, h) > 0}
| max Wai(tih) < — SOLth)
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where

My,
T = |i|n<f1K(t) and  S(Mp,t,h) =Y U{|T,p —t| < h} <@\,
t
- k=1

Note that S(M,,t,h) is an integer-valued variable, non-decreasing as function of h. Condi-
tionally given M;, the variable S(M,,t,h) is a Binomial variable with parameters M,, and

(t+h)AL

BTt <) = [

g(u)du > h x inf g(u) > h X ¢,.
(t—h)V1 ucl

g

Let us now recall a result of Chao and Strawderman| (1972)) : if S is a non-degenerate Binomial
random variable B(n,p), then

E 1 1— qn+1 _

In our context, we have S = S(M,,t,h), n = M, and p = P(|T,,; —t| < h). From (F.1) and
Cauchy-Schwarz inequality, we deduce

1
(n+1)p

<E[(1+95) 1<

F.2
1+np — (F.2)

On the other hand, we can write

1{S > 1}

B g| -RE-0+E| 552k

]zx@(son;E[M],

S

and

o[ L] -ps=0 B[ 121 pis gy g [HE 20

Using (F.2)) and the fact that, in our context, np and Ah have the same rate, we deduce that
constants c¢1, ¢o > 0 exist such that

G g {H{S; 0}] _ &

np ~np’

provided Ah > C and the constant C' is sufficiently large. Indeed, the upper bound is obvious.
For the lower bound, let us consider C' > {c c(e — 1)} 1. We then have

E[MS;()}} EEL}FS] _P(S = 0)

1

:1+np—(1—p)"21+np—exp(—np) [using log(1l — z) < —z, Vo < 1]
L using exp(—z) < e/ V> 0)
-— sing exp(—z) < e /x Vx
T using exp(—az) <
€1
277
np

for some constant co. Replacing S by S(M,,t,h), and using the independence between M
and T', we get

W <E ]I{S(Mn,t,h) > 0} < C2,W’
A S(M. L, h) A
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where ¢y, cow are positive constant, depending only on C, ¢,, ¢4, ¢, €. Similarly, it can be
shown that a constant ¢}, exists, depending only on C, ¢, and ¢, such that

1{S(My, t,h) > 0}] _ cly

E .
P(My t,h) | = (W)

The result then follows by defining
Sp,w(h) = max {1, (AR)(||K||oo/T)L{S(My,t, h) > O}S’l(Mn,t,h)} ,

because under our assumptions, the {S, w(h),1 < n < N} are clearly independent and we
showed that their mean and variance are uniformly bounded with respect to h € Hy. O

Proof of Lemma[E.3 First we decompose the following sum in two terms

7277” = Zin(h;t) + Zon(hst),
where
. 1 ¢ 2
Zyn(h;t) = N;{wn(h) —E[mMIXA() and Zyn(hit) = ZE T (h)] X2(t).

Our assumption clearly entails Zs y(h;t) = E [m,(h)|E [X2(t)] {1 + op(1)}, uniformly with
respect to h € Hy. To study the uniform convergence of Z; y(h;t), we first condition on the
realization of the sequence {X,,,n > 1}, derive an exponential concentration bound for the
weighted sequence of m,(h). Finally, we integrate this bound on a suitable set of realizations
of {X,,,n > 1} with high probability, and provide a bound for the complement of this suitable
set.

For the exponential concentration bound for the weighted sequence of m,(h), we use the
following general Hoeffding’s inequality, a suitable result for our study (see |Vershynin, 2018|
Theorem 2.6.3). Let {U,,n > 1} independent copies of a standardized, sub-gaussian variable
U. Let a = (ay,...,an) € RV be a non-random vector. We then have

N
Cv?
P(ZanUn >v> < 2exp [—KQHGH%} , Vv > 0, (F.3)
n=1

where C' > 0 is an absolute constant, and K = inf{u > 0 : E(exp(U?/u?)) < 2}. When
Uy, = mp(h) — E [m,(h)], we have

E(€U2/u2) _ eE[Wn(h)F/uz{l ) [ﬂ'n(h)]} + e{l—E[ﬂn(h)}}Q/?ﬂE [ﬂ'n(h)] < el/uQ’

and thus deduce ]

~ Vlog (2)
We apply (F.3) with U,, = 7, (h) — E [m,(h)] for each h € Hy. Since {m,(h)} and {X,,} are

independent sequences, and using Boole’s (union bound) and (H9) inequality, we deduce

Z{wn — E [ma ()]} X3 (1)

n=1

( sup > N ‘ (X2(1),..., X2(1)) = a>
heH N

N2 2
< 2exp [clog(N)\) _ O ]

K2||al3
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We next define the event A = {(X2(t),..., X5(®), [(X3(t),...,X3%())]|3 < Nc}, for some
real number N¢ such that ¢ > E[X 4(t)] Then by (H7) and the Nagaev inequality stated in
Lemma [B.4] we have

N
—P <Z{Xg(t) —E[X{(t)]} > N(c— E[X%(t)]))

co (03 +v2(X{(t) — E[X{(t , calN(c — E[X}(1)])?
< }(i(—IIE([))(f(t)][)QI()]))+026Xp <‘ e mb)

(N (e~ E[X}(1))?
2 p< u%(Xf(t)—E[Xf(tm)’

where ¢y and ¢, are two positives constants and ¥ corresponds the dependency coefficient.
Thus gathering facts, we obtain

P sup |Y {ma(h) —E [mn(h)]} X7 (1)

heH N n=1

+P| sup
heH N

< 2exp [clog(N)\) —

N

> Nv) <P (A

> {ma(h) = E[m (]} X0 (1)

n=1

> N ‘ V(XE(), ..., X3 (1) < Nc)IP’(A)

Clog(Q)NUQ] N c2 (9° +v3(X7(t) — E[X{(1)]))
c N(c—E[X{(t)])?

)
c — ¢ 2 c
+ ) exp <— 2V (e EJXI M) > + 2exp < Q(Ngl

The proof of Lemma is now complete. O

F.2 Mean estimator: risk bounds

Proof of Lemma[E.0 Let fin(t; h) be the infeasible mean estimator

Iin(t; h) = Zﬂnth

Then
Enrr [{1in (8 h) — p(t)}?] < 2G1(t; h) + 2Ga(t; h)

where
Gi(t:h) = Er [{in (6 ) — fin (1)}, Ga(tih) = Exgr [{in(t:h) — ()}

Bound for GG;. We rewrite

N
fin(t:h) — fin(t;h) = Z (t; h) Bu(t; h) + (h)an(t;hWn(t;h)-

n=1

Using the fact that Eys7[By(t; h) Vi (t; k)] = 0 Cauchy-Schwarz inequality, the fact that m, =
72 and Lemma we have

N
1
T (t; R)Epr 7 V2 (t; h)
PREh 2

< {1+ o)} {LIR* " B(t; h,2Hy) + *()V,u(t; h) }

Gl(t; h) < 1

w(t: D Ey B2 (t: h

‘M-

39



with o(1) uniform with respect to h € Hy.
Bound for GG5. Let us first note that

Py (t; h)Ga(t; h) = E [{Xo(t) — u(t)}?]

N-1 N—-t ... - .
#2 B (Xo) ~ 0} (Xelt) )] { > } = D)

Now we show that D, (¢; h) is finite under the L} — m—approximation. After completing the
sequence {X,(t),¢ € Z}, we first have that D, (¢; h) is bounded. Indeed, taking absolute values
and using the fact that the autocovariance function is absolutely summable (see Hormann and
Kokoszka, 2010, Lemma 4.1), we get

Dy (t;h) <E [{Xo(t) — u(t)}*] +2 ) [E[{Xo(t) — p(t) HXe(t) — p(t)}]] < o0.
>1

Second, the process { Xy, ¢ € Z} is Lé — m—approximable and the Lé — {—approximation of

Xpis X éﬁ). It is easy to show that for each £ > 1, X y) is independent of X, see condition
in Definition Therefore, we get

E [{Xo(t) — p(®OHXe(t) = p()}] = E | (Xo(t) — u() (Xe(t) - X 1)) .
Then, by Cauchy-Schwartz inequality and by @ﬂ), we get
Dy (t5h) < va (Xo(t) = (1)) § v2 (Xo(t) = (1) +2 > v (Xe(t) = X)) § < oc.
0>1

This concludes the proof. ]

Proof of Lemma[E.7]. Lemma|E.3[states that/fi2 (t) = o%(t){1+op(1)}, for all t € I. Moreover,
7%(t) does not depend on h. Since by ‘E’ Ly concentrates to L; > 0, it thus suffices to show

that h2f: — h*Ht{1 + op(1)} uniformly over the range Hy. For any € > 0, we can write

P ( sup ‘h2(ﬁt_Ht) — 1‘ > e> = Q3+ Q4,

heH N

where

Q3 =P|[ sup ‘hQ(ﬁﬁHt) - 1‘ > e |H — Hi| <),
heH N

Qs="P < sup ‘hQ(ﬁt*Ht) - 1‘ > €, \ﬁt — Hy| > go) .
heH N

Without loss of generality we consider 0 < h < 1, and we define the function z — g(z) = h?®
which is defined and continuously differentiable on R. Then if |H; — Hy| < ¢, we get,

‘hQ(flt—Ht) _ 1‘ < 2‘ log h|h_2(p|ﬁ]t — Ht‘
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and then,

{ sup ‘h2<ﬁt_Ht) —1| > |H — Hy| < gp} C {(minHN)_Q“’ |log ((minHN)_&p)‘ > €}
heH N

Choosing ¢(X) = C,, (log A)_2 for some constant Cy, > 0, thanks to Assumption @@) which
implies log(minH )/ log*(A) — 0, we have

(minH )" = exp {_2C¢log(mm?{]\7)} — 1.

log?(X)

Since the continuous function x — xlog(z), = > 0, vanishes at = = 1, we deduce that Q3 =0
for sufficiently large values of A. On the other hand, (H12) guarantees Q4 — 0. O

F.3 Autocovariance function estimator: risk bound

Proof of Lemma[E. 8 Recall that

N—/¢
7Tn(5a h 7Tn+€(t h)
B(t|s; h, a, £) bye(t; hy @),
(i) = 3 T L P D e(tihc)
with u
n Tnz—ta
bn(t;h,a) =) =] Wa(tih).
=1

Recall that g ® f(s,t) := g(s)f(t). Let An¢(s,t;h) be the weighted mean of the unobserved
curves X, ® Xy, n=1...N, 1.e.,

1

N—¢
Ne(s,tih) = mz Tn (85 A)Tnpe(t; h) X (8) X (1)
=1

The quadratic risk of A (s, t; h) is then bounded by two terms :
Enrr [{‘V\N,g(s,t; h) — W(s,t)}Q] < 2G4 (s,t;h) + 2Ga(s, t; h),

where
Gi(s,t;h) = Enr [{Ane(s,tsh) — Ane(s t ) Y]
Ga(s,t;h) = Enr [{Ane(s,tsh) — ve(s, ) }?] .

We next derive bounds for G; and G, respectively.
Bound for G;. We decompose 7y — ¢ as Yn (S, t;h) — Yne(s,t;h) = a+ b+ ¢, where

N—/
1
0= —— T (83 h)Tpae(t; h) X ® (Bpae + Vi s;(t;h)),
Prs(s, 1) 2= (s h)mnre(t; h) (Bne + Vare) (55 (8 1))
1 N—¢
_ T (83 h)Tnae(t; h)(Bn + Vi) @ X, s;h);t),
= Pslo i) 2 T R Bk Vo) © Kol (5110
1 N—¢
= Pailsth) Tn (85 1) Tpre(t; ) (Bn + Vi) @ (Bpte + Vaye) ((s3 1); (8 ).

1

3
Il
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Slnce (a+b+c¢)? < 3(a% + b2 + ¢?), it is sufficient to control the expectations of a?, b? and
2. Using Lemma [E. 1] E and ([2)), we have

N—¢ 2
Enr (a ) Enr (PNe(i,t,h Zm $; M) e (t; ) X5 (8) Bige(t; h))
N—/{ -
PNZ i) 2 T2 (s; )i (8 N EXZ ($)Ear Vit (t; h),
1 N—¢ 2
Enr (%) = Enrr (zaw(s,t, B ;Ws SR Tige(t D) Bi(s 1) Xt >>

N—¢
wacs 7 2 s BV s WEXE, ()

By Cauchy-Schwartz inequality for sums we get,
N—/{ 2
(Z i (83 h)mize(t; h) Xi(8)Bige(t; h))

=1 . v
< <Z mi(s; h)mige(t; ) X; ) (Z mi(s; h)mie(t; 1) z+€(t h))
1=1

i=1
Let p;(h) = m;(s; h)miye(t; h). We apply again the idea used in the proof of Lemma [E.2}(3),
that we decompose Zf\;_lg pi(h)X?(s) in £ + 1 sub-sums such that in each sub-sum the p;(h)

are independent. Applying next Lemma to each sub-sum separately and gathering the
facts, we deduce

N—¢
D pilh) X7 (s) = (N = OF [m1(s; B)mrye(t; B) XT ()] {1+ 0p(1)}
i=1

=E[Pr(s, t; )] E [X1(5)*] {1 + op(1)},

and the op(1) is uniform with respect to h € Hy. From this and Lemma B. we next get

N—¢ )
(P]\ugét'h) Z i (85 h) g0 (8 h) X5 (8) Bige(t; h))
A

E [Py (s, t; )] E [X3(s)] {1 + op(1)} T=

< P2 (5. :) ; mi(s3 h) oo (t; B) B2 (t; )
2(g N—¢
— (L op(1)) o L 3 st ) B (1)
AT =1
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uniformly with respect to h € Hy. We thus have the bounds

{1+ op(1)}v3(X1(s

2
EM7T (Cl ) = PNK(S h)

N l
Z 7i(s; R) iy o(t; ) Enr B2 (8 h)
=1

1

N—¢
. . . . 2
+ W ; 7i(s; R)igo(t; YEXi(5)Ear 7 V2 (8 ),

Enr (6%) <

=1

(’\

PNE 37t7

Finally, by Lemma and ,

N 12

1 LZhQHt
{1+op(1)} V2 Zﬂ'z s;h)mige(t; h)bive(t, h, 2Hy)
=1

PNg(8 t h

Enr (o) <

{1+ 0(1)}o? ()3 (X1 (s)) ~~
PNK(S t h

SkSMI 14

N l
Zm (s;h)mipe(t; W) Eps B2 (s; h)

Z Ti(s; ) Tige(tsh) max  [Wiggk(t; h)|
=1 o+

P (o L Z 7i(s3 R)Tige(t; WY Ear r Vi3 (55 h)EXZ o (t).
=1

= {1+ op(1)} v (X1(5))? L2R2HeB(t|s; h, 2Hy, £) 4 02 ()13 (X1 (5)) V4 2(s, t; h)] ,

1+ O[p( )}LQhQHSU X1+Z
E 2 < { 2
wr (0%) < P (s, t; h)

{1+ 0(1)}o*(s)v3 (Xi1e(t)
P]%,’E(s,t, h)

N L
Z mi(s; h)mire(t; h)bi(s, h,2Hy)
i=1

=1

Zﬂ'z S5 h 7rz+€(t h)CZ(S h) H’%aX |Wz k(s h)|

— (14 on(1)} [18 (Xue(0)) L2R2eB(s]t; 2, 0) + 02 ()R (X a0V 1 (5,1 1)]

and the op(1) factors are uniform with respect to h € Hy.

To derive a bound for Eyrr [CQ], we decompose this expectation as follows :

N—¢ 2
1
Eumr (%) =Enmr (W > mils; )i e(t; ) Bi(s; ) Byyo(t; h))
T =1
. N—¢
2 2 2
——~ “(s;h)m ,(t; h)E VA(s;h)E Ve, (t:h
+ PNZ(S t h) < e (Sa )7r1+€(a ) M,TV; (57 ) M, T —M( )
1 N—¢
_— h t: h)E B h)E Ve, (t:h
P]%/[(S t: h) po 4y (S ) z+€( ) M, T (8 ) M, T +g( )
N—¢
1 2 2 2 2
T p2 (.0 7) Z i (83 h)miy o (8 h)Enr Vi (s h)Earr By o(t; h)
Nt ]
5 N—2¢
— E iTiteBiV; ieTir20Bi20V; ;
+ P2 (5, ) - M (i BiVige) @ (MiyemivoeBivacVige) (s
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Lemma ensures that the sum of the terms (F.6)), (F.7) and (F.8) are negligible compared
to IEM,T(a2 + 62), uniformly with respect to h € Hy.

Applying again Lemma the term (F.5) is bounded by,
(F-5) < {1+ 0(1)}a?(s)a?(t) V4 (s, t; h).

Finally, for the term ([F.4]), we first note that by Jensen’s inequality and the fact that
2?y? < (¢t +y")/2,

N—¢
(F.4) < PNZ (s, h) ;ﬂ'z sy h)miye(t; h’)EMT[ (S h) z+[(t h)]
N—/
4
= 2Pyy(s, 1) 2PNe (s,t; h) ;ﬂ s hmie(t; 1) {EMTB (s;h)] + Enrr[B z+€(t h)]}

To bound the 4th order moment of the bias term, we use condition ({3.5)), that is a constant
¢ > 0 exists such that

E(X(u) — X(v)* < C[E(X(u) — X(v))?]", Vu,vel

More precisely, by Jensen’s inequality we have

My,
By(t:h) <Y Wit ) {Xn(Tng) — Xa(t)}*
=1

Taking expectation both sides, and applying conditions (3.5)) and we can write
M

Exr [BA(E )] € €Y Waalts WY 7 [{X0(Tod) = Xa ()]
=1

M
L 2
< CLEY Wt )| T — 1] x {1+ 127 83 /12
=1

2
= CLARM b, (1 h, AH}) x {1 + h%sg/Lf} .
We deduce
(F4) < ¢max(L}, LYWL (6|t h, 4H,, 0) + B(t|s; h, 4Hy, €)} x {1+ 0(1)},

and the o(1) factor is uniform with respect to h € Hy. This ensures that the term (F.4) is
also negligible in comparison of Ey; 7 (a? + b2) uniformly with respect to h € Hy.
Putting the three bounds together, we get

G1(s,t;h)/3 < V2 (X140(t)) L2R*B(s|t; b, 2H,,0) + v3 (X1(s)) L2 B(t|s; h, 2Hy, £)
+ V3 (X114(1) 0% (5)Vo 1 (s, 85 h) + v3(X1(5)) o (t) Vs 2(s, 5 h)
+ 0?(s)0?(t)V, (s, ; h) + uniformly negligible terms.
Bound for G3. For each k € {1,...,N — ¢ — 1}, we define the positive real number
pk(S, t; h) € [Oa 1]7

N—k—t
i (85 Wik (83 ) Tigo(t; B)Tiresk (5 1)

PN,Z(Sv ta h)

k(s t;h) <1.

=1
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Then we rewrite G as,

Py (s, t;h)Ga(s, t; h) = E(Xo ® Xo — 70)*(s,¢)
N—t—1

+2 ) pr(s, th)E(Xo ® Xp — 70) (X @ Xppr — v0)(5,1) = D(s, 1; ).
k=1

Now we show that D(s, t; h) is finite under the ]Lé — m—approximation. First, if we complete
the sequence {Xy(s)Xk1e(t), k € Z}, D(s,t;h) can be bounded by the convergent series of
absolute values of the terms in the long-run variance of the time series { X (s)Xp1¢(t), k € Z}.
More precisely,

D(s,t, h) < v5((Xo ® Xe = 70)(s,1) +2 Y [E(Xo ® Xy — 70)(Xk @ Xp0 — 2)(5,1)|  (F.9)
k>1

Moreover, according to Lemma the process { Xy ® X140,k € Z} is IL% —m—approximable,
and the Lg — (k — ¢)—approximation of Xj ® Xy is X,gk_e) ® X,gi)z. It is easy to show that
the variables Xy ® Xy and X ,ik_ﬁ) ® X ,gli)e are independent. Therefore, we get

[E(Xo ® Xy = 70)(Xk @ Xppte = 7e) (s, 1))
_ ‘E(Xo ® Xo — ) (Xk ® Xpre— X9 g X,ijé) (s, t)‘
< vo((Xo ® Xp — veo)(s,t))vo ((Xk ® Xpae — X,gk_e) ® X,gli)e) (s,t)) .
We next use this in to get

D(s, t; h) < 15((Xo ® Xo —v0)(s,1))
N f—t k
+ 20 ((Xo ® Xy — 0)(s,1)) Vo ((Xk ® Xppo— XD g X,gge) (s, t)) < 0.
k=1

This concludes the proof. ]

G Details on numerical studies

In this section we give more details on the simulation setting of the Section [4| and report the
results of the FTS Model 1 and FTS Model 3 simulation setups.

G.1 Details on some quantities used in the simulations

Simple estimators of 3(¢) and S, (¢) using the R = 400 replications of the generated data from
the FTS Model 2 (or FTS Model 3) are

R R
1 ~ ~ 1 S
= E E ET‘,N(t) and S#(t) = E E S/J,,T‘,N(t)’
r=1

where ir,N(t) and gu,r,N(t) are the r—th replication of

Sh(t) = PN t hN an (t: hy) {Z St hy) }

(83 o ){ X (8 hv) = (1)},

N
~ /Pn(thn) hN ZW”
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respectively.

The approximation 7 (s, t) of y1(s,t) = E[X,,(s)X,+1(¢)] in Figure |I| was obtained as the
lag—1 empirical autocovariance function calculated from a very large sample generated from
FTS Model 2 with p = 0. More precisely, we generate 2, = 30 replications of the functional
time series {X,,,n = 1,..., N} with a large N = 5000 and a burn-in period of 500 curves to
remove the initialization effect. In the simulation framework it is then possible to accurately
approximate vi(s,t) by

R,

F1(s,t) = };Z{ _1ZXM rn+1()} V(s,t) € G x G,

r=1

where G is a fine grid of design points, and X, denotes the r-th replication of the curve X;,.

G.2 Simulation setting : FTS Model 3

The FTS Model 3 setup is based on the Individual Household Electricity Consumption dataset
from the UC Irvine Machine Learning Repository (Hebrail and Berard, 2012)). It contains
various measurements of electricity consumption in a household near Paris, with a sampling
rate of one minute from December 2006 to November 2010. The data of interest here are the
daily voltages curves, considering only the days without missing values in the measurements,
see Figure The extracted dataset contains 1358 voltage curves with a uniform common
design of 1440 points, normalized so that I = (0, 1].

We use this real dataset to build a data generation setup and simulate functional time
series with patterns similar to the voltage curves. We use the FAR(1) equation

1
Xn(u) = p(u) + /0 P(u, $)(Xn-1(s) — p(s))ds + Li&n(u), (G.1)

with the mean function and the kernel of the autoregressive operator estimated from the real
curves. The Fourier expansion was used to estimate the mean and kernel functions. More
precisely, we consider

10
= BO + Z/Bkgk(t)v le (07 1]7 (G2)
4
Z eklgk ( ) S7t € (07 1]7 (G3)
k=0 1=0

where {(, k > 0} = {1,v/2cos(2nt), v/2sin(2nt), /2 cos(4rt), v/2sin(4rt), ...} is the Fourier
orthonormal basis on the unit interval. The  and 6 coefficients are obtained by LASSO
regression using the R package glmnet (Friedman et all |2010). For the mean function, the
coefficients 3 are estimated using the 1440 values of the empirical mean of the 1358 curves and
t on the regular grid. Similarly, for the integral operator kernel function ¥ (-, -), the empirical
covariance and lag-1 autocovariance functions are used to estimate the 6 coefficients using a
representation that we explain below; see (G.4). Figure [l shows the estimates of the mean
function and Figure [2| shows the level plot of the kernel function (-, -).

We now explain how we derive the representation used to build an estimate of the integral
operator kernel function v (-,-). Let ¢1,...,%1440 be the common design points for this data
set. For all V s,t € (0,1] and ¢ > 0, let

Ce(s,t) = E{(Xn(s) — pu(5)) (Xnte(t) — p(t))},
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Figure 1: Curves and mean functions of the daily voltage curves with no missing. Right:
The raw daily voltage curves. Middle: Empirical mean function of the daily voltage curves.
Right: Smooth mean function of the daily voltage curves obtained from the model (G.2]).
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Figure 2: Level plots of covariance and autocovariance functions of the daily voltage curves
with no missing values and the estimated FAR kernel function. Left: Empirical covariance.
Middle: Empirical lag-1 autocovariance. Right: Estimated FAR kernel from the models

and (G.3).
denote the lag-¢ autocovariance function of {X,,}. By Fubini’s Theorem and (G.1)), we get

1
og&w:=A (1) Co (5, ),

Then, with the function (-, -) from (G.3)), we get

4 4

1
Cils.t) = 33 0uGOZ(s). where  Zi(s) = | Cols,u)Gla)du.

k=0 1=0

The values Z;(-) can be simply approximated by Z() using the Riemann sums approximation
and the empirical covariance function Cy(s, u) calculated at the design points ¢1, ..., t1440 (See
Figure . Let

Zo(t1) Z4(t1) Co(t1) Ca(t1)
Zo(t2) Z4(t2) Co(t2) Ca(t2)
Z = : ¢= _ ;
/Z\O(t.l440) e 24@‘1440) Co(t1a40) -+ Caltr440)

and © = (611)o<k, <4 the 5 x 5—matrix of coefficient to be determined using the real data set,
and let
C1(O) =¢OZ", (G.4)

be the lag-1 autocovariance function we consider, computed at the common design pairs of
points. The elements of ® are chosen such that C;(®) is the closest, in terms of Frobenius
norm, to the empirical lag-1 autocovariance computed at the same common design pairs.
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G.3 Additional simulation results on local regularity estimation

Our estimation approach for estimating H; and L? depends on two tuning parameters : the
presmoothing bandwidth used in and the window length A used in ({A.1)). The following
paragraphs explain how we tune these parameters and give the simulation results of the local
regularity estimates of FT'S Model 1 and FTS Model 3.

Choice of the presmoothing bandwidth The presmoothing step consists of smoothing
each curve of the time series individually using a bandwidth parameter. To reduce the com-
putation time, we use the median of the bandwidths selected by cross-validation on the last
30 curves of the series as the smoothing parameter of all curves. Recall that given the sample
points { (Y1, Tn1), - - - (Yoa,, oo, )} of a curve X, the cross-validation optimal bandwidth
for the presmoothing estimator is defined as

M,
h* € arg minz {Yn,i — X,([” (Tm)} ;
h 3

where X4 (Th) = x4 (Th,i; h) denotes the estimator (A.2)) that is computed without the
observations corresponding to the ¢—th design point, and the bandwidth A.

Choice of A The choice of A is a crucial point for the local regularity estimation, and
extensive empirical experiences have been devoted to the investigation of how to fix it. The
study of the choice of A was carried out independently of the three FT'S Models introduced in
the main manuscript. It was based on a zero-mean FAR(1) where the innovation process is the
MfBm with a Hurst logistic function. The autoregressive operator of the process is an integral
operator with a smooth kernel function chosen such that the conditions of the Example 2| hold.
The main idea of the investigation is to use 200 replications of data generated from the FAR(1)
with N curves, each with A mean points, to compute the local exponent f[t from and
compare it over a chosen risk with the estimate of H; from for a given A. So, given a
grid of A candidates, the best one is the one that minimises the following relative risk. Let
t1,ta,t3 € J C I such that t3 —t; = A and ty =t = (¢ + t3)/2, then

200 &~ ~ -~ ~
0, (t1,t2) — O0,.(t1,t2))% + (0,(t1,t3) — Or(£1,13))?
A* ¢ argmin—z( (t1,t2) — 0:(t1, t2))" + (Or(t1, t3) — Or(t1, 23)) 7 (G5)
A 200 r=1 H'r(tly t2)2 + 9T<t1a t3)2

where r denotes the r-th replication of the data set of NV curves and A mean points per curve,
0 is as defined in (A.3)), and since we are in a simulation framework, it is possible to get the
true X,, and estimate

N
O(u,0) = N7 (Xn(v) = Xn(u)?, w0 € {t1, s, 13}.
n=1

The investigation is carried out by testing A values for I = (0,1]. Namely, for each A in an
equidistant grid of 30 values between 0.01 and 0.2, and for each ¢ € {0.2,0.4,0.7,0.8}, and
using 200 replications of data generated from the setups (IV, A) € {100, 200, 300,400} x {A\; =
30, Ait1 = A\ + 15, 2 < i < 30}, we estimate A* according to (G.5)). The result is that any
A* € [0.1,0.2] gives a reasonably small risk and all A values within this interval give relatively
the same risk as defined in . Moreover, if A* < 0.1 the risk increases slowly. Therefore,

~

we propose to chose v = 1/3 and set A* = exp(—log(\)/3).
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Additional simulation results for the regularity parameters Here we present the
simulation results in the setup of F'T'S Model 1 and FTS Model 3. Figure [3|and Figure [4] show
the boxplots of Hy and L? defined in for the four pairs (IV, \) at four points t € I = (0, 1]
for Model 1 and FTS Model 3 respectively. The results are similar to those of FTS Model
2. Indeed, the bias of the regularity parameters estimates decreases as ) increases, and the
boxplot are more concentrated as N increases. Overall, the local regularity estimators show
good finite sample performance.

N=150, A=40 N=1000, \=40 ~ N=400, A=300 'N=1000, A=1000
0.8 . 0.8 08 08
0.6 ¢ 0.6 . . ﬁ*'? 0.6 . 06, ° °
. 04 - . 0.4 #%% % é 04 - -8 0.4 #'-%l o
Ht . e ! LX)
0.2 . 0.2 0.2 ° 0.2
04 0.5 0.7 04 0.5 0.7 04 05 0.7 04 0.5 0.7
True H; True H; True H; True H;
12 12 12
8 ° 8 ' ° ° . T H 8 .o ° °
.o; o o ﬁ ° . ° °®
4 *ﬂ—# 4 i 4 T
0 0 0
True L; =4 True L; =4 True L; =4 True L; =4

t mE 02 Em 04 E3 07 B3 08

Figure 3: Boxplots of R = 100 pointwise estimates of fIt and Ef, for t € {0.2,0.4,0.7,0.8}
and four pairs (IV, A), in FTS Model 1. The dashed lines indicate the true values of H; and
L.

G.4 Additional results on mean function estimation

This section presents the results of the mean function estimation using data generated ac-
cording to the FTS Model 3 setup. Recall that the FTS Model 1 setup is similar to FTS
Model 2, the results of which are already presented in the main paper, and that it contains
twelve setups (Hy, N, \), so the results associated with FTS Model 1 are not reported. Figure
presents the average of the risk function ﬁu(t; h) over 400 independent functional time series
generated according to FTS Model 3, with four setups (N, A). As for FTS Model 2, the plots
provide evidence that h — R, (t; h) is a convex function which converges to zero as N and A
become larger.

Table (1| presents the bias and standard deviation of the estimates of 1y () = fin(t;hy,)
obtained for functional time series generated according to FTS Model 3. As expected the bias
and the variance decreases as N — oo and as A — oo. However, larger ¢t also means larger
Var(X;) (see the Figure @ We next study the asymptotic distribution of 113, (¢). The @ — Q
plots Figure [7| show that, as stated by Theorem the standard normal distribution is an
accurate approximation of the distribution of v/Pn (t; hn)/{S.(¢) + Z()} {fin (t; hn) — p(t)}-
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Figure 4: Boxplots of R = 400 pointwise estimates of H, and E%, for t € {0.2,0.4,0.7,0.8}
and four pairs (N, \), in FTS Model 3. The dashed lines indicate the true values of H; and
L3

t=0.2 t=0.4 t=0.7 t=10.8

N A Bias Sd Bias Sd Bias Sd Bias Sd
150 40 -0.0714 0.2815 0.0515 0.3681 | -0.0799 0.4209 0.1585  0.4598
1000 40 -0.0401 0.1085 | 0.0275 0.1354 | -0.0580 0.1544 | 0.1113  0.1706
400 300 | -0.0158 0.1758 | -0.0216 0.2295 | -0.0327 0.2595 | -0.0288 0.2852
1000 1000 | -0.0016 0.0937 | -0.0039 0.1206 | -0.0008 0.1340 0.0018 0.1477

Table 1: Bias and standard deviation (Sd) of the mean function estimates obtained from 400
independent functional time series generated according to FT'S Model 3.

We end this section on empirical evidence for the mean function estimation by a compar-
ison with the procedure of Rubin and Panaretos| (2020)), procedure refer to as RP20, in the
context of the FT'S Model 3. We present in Figure [§ the boxplots of the selected bandwidths
according to RP20’s global approach and to our local approach. The selected bandwidths have
comparable magnitudes in almost all setups (IV, ). As expected given the increasing shape of
the function H, our local bandwidths are smaller for ¢ in the first half of I and increase when
t is closer to 1. Table [2| presents the ratio of the Monte-Carlo estimates of the Mean Square
Error (MSE) of our mean function estimator and the RP20 locally linear estimator. Although
the ratio is close to 1, our estimator shows slightly better performance (ratio smaller than 1)
in most of the setups (N, \).

G.5 Additional results on autocovariance function estimation

Similar to the mean function, our adaptive ‘smooth first, then estimate’ estimator of the
autocovariance function is built with the bandwidth A7 defined as in @, obtained by mini-
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Figure 5: Empirical average of the risk function ]Tlu(t;h) at t € {0.2,0.4,0.7,0.8} over 400
independent functional time series generated according to FTS Model 3, with four setups

(N, ) : —— (1000, 1000), —-—- (1000,40), ---- (150, 40), (400, 300) .
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Figure 6: Estimates of the variance function Var(X,,). Left: Variance function in FTS Model
2 process. Right: Variance function in FTS Model 3 process.

mizing the estimated bound 3&7(8, t; h) of the pointwise quadratic risk. Again, instead of the
dependence coefficient D(s, t; h), we simply consider
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t=0.2, N=150, A=40 t=0.2, N=1000, A=40

£=0.2, N=400, A=300

Figure 7: Normal Q — Q plots of /Py (t; hy) (fin (t; hw) — p(t)) /A/Su(t) + S(t) at ¢ = 0.2,
with hy = {h;}l’l and gu(t) + 3(t) computed according to (11). Results obtained with 400
independent time series generated according to FT'S Model 3.

N A t=0.2 t=04 t=0.7 t=0.8
150 40 0.9601 0.9786 0.9971 1.0309
1000 40 1.0036 0.9838 1.0103 1.1388
400 300 0.9762 0.9993 0.9884 0.9913
1000 1000 0.9689 1.0017 0.9840 0.9886

Table 2: MSE ratio for our mean estimator and RP20; results from 400 independent series
generated in FTS Model 3.

D(s,t;h) = ﬁ > {)}n(s))}mé(t) B gg(s,t)}Q
Nt N—t—k—1
- P N —25 —k nZ::l {Xn(s)f(nﬂ(t) —ﬁg(s,t)}

)

1 { Kok (9) K a() = Buls, ) |
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Figure 8: Bandwidths selected by RP20 (left boxplot) and by our local approach for the mean
estimation at ¢ € {0.2,0.4,0.7,0.8}; results from 400 independent series generated according
to the FT'S Model 3.

where gy(s,t) is an estimator of (s,

t),
N—
(s, Z ) Xne(t), €>1,

with {)?n}\the presmoothed curves as defined in . Figure@presents the average of the risk
function R, (s,t;h) over 400 independent functional time series generated according to FTS
Model 2 with ¢ = 0, with four setups (IV, A). The plots provide evidence that h — R,(s,t; h)
is a convex function which converges to zero as N and A become larger.

G.6 Regularity estimates with the real data sample

In Figure |10 we present the estimates of the regularity parameters H; and L? obtained with
the real data and the sub-samples considered in Section

G.7 Checking the serial dependence of the measurement errors

Our data generating process described in , assumes through that the standardized
measurement errors e, ; are independent within each curve. As pointed out by a Reviewer,
it is worth checking this assumption when applying our approach to real data. To check
the independence of the ¢, ; using a simple AR(1) for the standardized measurement errors
within the curves, we will first smooth the curves, recover the residuals and apply a Durbin-
Watson test. On contrary to the presmoothing used for our local regularity parameters
estimation, where the theory allows for a wide panel of smoothing choices, and the simple
cross-validation approach proved to be satisfactory, for computing residuals one has to be
more careful. The idea is that smoothing the curves to compute the residuals, proxies of the
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Figure 9: Empirical average of the risk function ﬁy(h, H 5 Ef, ﬁt, Z%) of the lag-1 cross-product
function v (s, t) at (s,t) € {(0.2,0.4), (0.8,0.2)(0.4,0.7), (0.7,0.8) } over 400 independent func-
tional time series generated according to FTS Model 2 with x = 0, with two setups (N, ) :
—— (1000, 40), ---- (150, 40).

standardized measurement errors €, ;, one needs to diminish as much as possible the influence
of the underlying curve. That means, one has to use a small bandwidth to make the bias
negligible. A similar message has been already conveyed for the purpose of accurate recovery
of the error term distribution in the context of the nonparametric regression, see, for example,
Neumeyer and Van Keilegom| (2010). In our context, we can take advantage from the local
regularity estimation and use a data-driven rate of convergence for the bandwidth given by
the minimum of the regularity exponent function ¢ — H; estimate.

Before proceeding to the real data set of the voltage curves for checking of the serial
correlation of the €, ;, we realize a small simulation study using a setup already considered
already above. More precisely, we consider FTS Model 3 with L, = 1 and a logistic Hurst
index function (see Figure . Data points are generated according to (1)), where the inte-
gers M, are randomly drawn from a uniform distribution between 0.8\ and 1.2, while T}, ;
are independently sampled from a uniform distribution over (0,1). The observation errors
€n,i are generated under two different settings: (i) independently from a standard Gaussian
distribution with unit variance, or (ii) from a AR(1) series

Eni = PEni—1 T Ung, with p = 0.05,

and where the u,,; are i.i.d. centered Gaussian variables with variance 1 — ,02, ensuring that
en,i follows a stationary Gaussian distribution with unit variance. The variance function is

defined as
0.30

1+ exp(—10(t — 0.5))’

Thus, for each curve X,,, the observation points are (Y}, ;,T},;), where

o(t) = 0.2 + te0,1].

Yn,i = Xn(Tn,z) + Mnis and Tng = U(Tn,i)gn,iv 1<i < M,.
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Figure 10: Estimation of the regularity parameters H; and L} for the N = 1358 daily voltage curves in
different settings : A = 1440-common design, A = 96-common design, - - - - A = 96-independent
design .

We consider N = 200 and four values for A, that are 150, 300, 600 and 1440. For each curve
X, given the data points (Y5, ;, Ty ), we proceed as follows. (i) First, we estimate )?n(Tm)
using the Nadaraya-Watson estimator, with the bandwidth parameter defined below, and
compute the residuals 7, ; = Y5, ; — )?n(Tm) (ii) Next, we estimate the variance function 5>
by smoothing ﬁfm using again the Nadaraya-Watson estimator with the same bandwidth. (iii)
Finally, we compute the standardised residuals:

Cpi = IR ] << M,

The Nadaraya-Watson estimator of X’n(T n,i) is computed using the Epanechnikov ker-
nel, with a bandwidth parameter with the rate of decrease M, /17 slightly faster than
M;l/@ﬂﬂ) = Mrfl/”, where H = inf{H; : t € [0,1]}. Finally, we apply the Durbin-
Watson test (Durbin and Watson, 1971)) to assess the serial dependence of each series {e,; :
1 < i < M,}, using the test implementation in the dwtest function from the R package
lmtest (Hothorn et al., [2020). The null hypothesis of the test is Ho : p = 0. The histograms
of the 200 p-values under Hg, obtained by testing for serial dependence using the Durbin-
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Watson test for each curve separately, are plotted in Figure[11] According to the Kolmogorov-
Smirnov test, the distributions of the p-values are uniformly distributed at the level 0.01.
Furthermore, as expected, with AR(1) standardized measurement errors, all the p-values for
(N, M) € {(200,600), (200, 1440) } are smaller than 0.01. For (N, \) € {(200, 150), (200, 300)},
75% and 99% of the p-values are respectively smaller than 0.01.

(N, \) = (200, 150) (N, \) = (200, 300)

10 10

30 30 [
£.20 £20
£ £

10 10

0 0

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
P-value P-value
KS p-value = 0.030 KS p-value = 0.037
(N, \) = (200, 600) (N, ) = (200, 1440)
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Figure 11: Histograms of the P-values under Hy of the Durbin-Watson tests performed on the
residuals of each curve of the FTS generated according to FTS Model 3 with independent ob-
servation errors for four sample sizes (N, \) € {(200, 150), (200, 300), (200, 600), (200, 1440)}.
The p-values of the Kolmogorov-Smirnov test, which tests for uniform distribution of p-values,
are shown below the histograms.

We finally apply the procedure described above to assess the serial dependence of the
residuals in the real data set. Recall that real data we consider are taken from the Individ-
ual Household Electricity Consumption dataset, available in the UC Irvine Machine Learning
Repository (Hebrail and Berard), 2012)). This dataset contains various measurements of elec-
tricity consumption for a household near Paris, sampled every minute from December 2006 to
November 2010. The data of interest here consist of 1358 voltage curves, each with a common
design of 1440 points (corresponding to minute-by-minute observations), normalised so that
I = (0,1]. About 5.8% of the daily curves are missing, but we neglect the missingness effect
and treat the series as complete.

For defining the rate of decrease of the bandwidth parameter of the Nadaraya-Watson
estimators used to construct the residuals €, ;, we set H = 0.1, corresponding to the minimum
estimated local regularity parameter over the domain (see Figure . The p-values of the
Durbin-Watson test applied to the full sample of 1358 voltage curves with a common design
of 1440 exceed 0.01 for 87% of the curves. Using the Benjamini-Yekutieli multiple testing
procedure (Benjamini and Yekutieli, 2001), we reject the null hypothesis at the level 0.01 for
only 5.6% of the curves. This result suggests that our assumption on the absence of the serial
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correlation for the standardized errors €,; seems reasonable in the real data application on
the voltage curves we presented in the manuscript.
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